Self-Adjoint and Normal Operators, Part 1: Adjoints

Sheldon Axler

Linear Algebra
Done Right




@ F denotes either R or C.

@ V and W denote finite-dimensional inner product spaces over F.
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(Definition: adjoint, T*

Suppose T € L(V,W). The adjoint
of T is the function T*: W — V such
that

(Tv,w) = (v, T*w)

Q‘or every v € V and every w € W. )
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DIsifinens &lefetiils I Example: Define T: R? — R? by
Suppose T € L(V,W). The adjoint T(x1,x2,x3) = (x2 + 3x3,2x7).
of T is the function 7*: W — V such

that
(Tv,w) = (v, T*w)

Q‘or every v € V and every w € W. )
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Suppose T € L(V,W). The adjoint T(x1,x2,x3) = (x2 + 3x3,2x7).

?r:al*; is the function T*: W — V such To compute T* fix a point (y1,y») € RZ.

(Tv,w) = (v, T*w)

Q‘or every v € V and every w € W. )
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Definition: adjoint, T Example: Define T: R® — R? by

Suppose T € L(V,W). The adjoint T(x1,x2,x3) = (x2 + 3x3,2x7).

of T is the function T*: W — V such To compute 7% fix a point (y1,y») € R2.

that
(Tv,w) = (v, T*w) Then for every (x1,x2,x3) € R® we have

<<xl,X2,X3), T*(yl,y2)> - <T(X1,XZ,X3>, ()’1,y2)>

Q‘or every v € V and every w € W.
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Definition: adjoint, T Example: Define T: R® — R? by

Suppose T € L(V,W). The adjoint T(x1,x2,x3) = (x2 + 3x3,2x7).

of T is the function T*: W — V such To compute 7% fix a point (y1,y») € R2.

that
(Tv,w) = (v, T*w) Then for every (x,x2,x3) € R® we have

) ((x1,22,%3), T*(y1,¥2)) = (T(x1,x2,x3), (y1,¥2))
= ((x2 4 3x3,2x1), (y1,¥2))

Q‘or every v € V and every w € W.
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Definition: adjoint, T Example: Define T: R® — R? by

Suppose T € L(V,W). The adjoint T(x1,x2,x3) = (x2 + 3x3,2x7).

of T is the function T*: W — V such To compute 7% fix a point (y1,y») € R2.

that
(Tv,w) = (v, T*w) Then for every (x,x2,x3) € R® we have

) ((x1,22,%3), T*(y1,¥2)) = (T(x1,x2,x3), (y1,¥2))
= ((x2 + 3x3,2x1), (y1,2))

Q‘or every v € V and every w € W.

= xy1 + 3x3y1 + 2x12
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Definition: adjoint, T Example: Define T: R® — R? by

Suppose T € L(V,W). The adjoint T(x1,x2,x3) = (x2 + 3x3,2x7).

?r:al*; is the function 7*: W — V such To compute 7% fix a point (y1,y») € R2.

(Tv,w) = (v, T*w) Then for every (x,x2,x3) € R® we have

) ((x1,x2,%3), T"(y1,y2)) = (T(x1,%2,x3), (y1,¥2))
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(Definition: adjoint, T* A

Suppose T € L(V,W). The adjoint
of T is the function T*: W — V such
that

(Tv,w) = (v, T*w)

for every v € V and every w € W.

\ J

Example: Define T: R? — R? by
T(x1,x2,x3) = (x2 + 3x3,2x7).

To compute T* fix a point (y;,y,) € R,

Then for every (x,x2,x3) € R® we have

(o1, 22,23), T*(v1,32)) = (T(x1,x2,%3), (¥1,¥2))
= ((x2 + 3x3,2x1), (v1,32))
= xoy1 + 3x3y1 + 2x1y2
= ((x1,x2,%3), (2y2,y1,3y1))-

Thus
T*(y1,y2) = (2y2,¥1,3y1)-



Properties of the Adjoint
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(Definition: adjoint, T*

Suppose T € L(V,W). The adjoint
of T is the function T*: W — V such
that

(Tv,w) = (v, T*w)

Q‘or every v € V and every w € W. )




Properties of the Adjoint

~

(Definition: adjoint, T*

Suppose T € L(V,W). The adjoint
of T is the function T*: W — V such
that

(Tv,w) = (v, T*w)

Q‘or every v € V and every w € W. )

( The adjoint is a linear map A

bf T L(V,W), then T € L(W, V). )




Properties of the Adjoint
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(Definition: adjoint, T*

~

( ; -
Suppose T € £(V,W). The adjoint Properties of the adjoint

:)rl: Tt is the function 7*: W — V such o (S+T) =S +Tforall S,T € L(V,W):
a

(Tv,w) = (v, T*w)

for every v € V and every w € W.

\. J

( The adjoint is a linear map A

U T € L(V,W), then T* € L(W, V). ) J




Properties of the Adjoint

(Definition: adjoint, T* A
( . o )
Suppose T € £(V, W). The adjoint Properties of the adjoint
of T'is the function T*: W — V such o (S+T) =S +T*forall S,T € L(V,W);
that _ « @ (\T)* = \T* forall A € F and
(Tv,w) = (v, T*w) T LV w:
dor every v € V and every w € W. )
( The adjoint is a linear map A
bf TeL(v, W) then T e L(w,v). | y




Properties of the Adjoint

(Definition: adjoint, T* A
( . . . )
Suppose T € £(V, W). The adjoint Properties of the adjoint
of T'is the function T*: W — V such o (S+T) =S +T*forall S,T € L(V,W);
that o o (AT)* = AT* for all A € F and
(Tv,w) = (v, T*w) T £V w):
dor every v € V and every w € W. ) o (") =Tiorall T € L(V,W);
( The adjoint is a linear map A
bf TeL(v, W) then T e L(w,v). | y




Properties of the Adjoint

(Definition: adjoint, T* A
(. . . . )
Suppose T € £(V,W). The adjoint Properties of the adjoint
of T is the function 7*: W — V such o (S+T) =S +T*forall S,T € L(V,W);
h _ ) 9 ’
that o o (AT)* = AT* for all A € F and
(Tv,w) = (v, T*w) T e L(V. W):
dor every v € Vandevery w € W. ) o (") =Tforall T € L(V,W);
@ [* = I, where [ is identity operator on V;
( The adjoint is a linear map A
bf TeL(v, W) then T e L(w,v). | y




Properties of the Adjoint

(Definition: adjoint, T* A
( . . . )
Suppose T € £(V, W). The adjoint Properties of the adjoint
of T'is the function T*: W — V such o (S+T) =S +T*forall S,T € L(V,W);
h _ ) 9 ’
that _ x @ (A\T)* =AT*forall A € F and
(Tv,w) = (v, T*w) T e L(V. W):
dor every v € V and every w € W. ) o (T*)* =Tforall T e L(V,W);
@ [* =, where [ is identity operator on V;
. . . . ) @ (ST)* =T1*S*forall T € L(V,W) and
(The effaitie el ik S e L(W,U) (here U is an inner product
U TEL(V,W),thenT* € LW, V). | \_ space over F). y




The Adjoint of a Composition

@ (ST)*=T1*S*forall T € L(V,W)
and S € L(W,U).




The Adjoint of a Composition

@ (ST)*=T1*S*forall T € L(V,W) Proof Suppose T € L(V,W)and S € L(W,U).
and S € L(W,U).




The Adjoint of a Composition

@ (ST)*=T1*S*forall T € L(V,W) Proof Suppose T € L(V,W)and S € L(W,U).
and S € L(W,U). If ve Vandu € U, then

(v, (ST)*u) = (STv, u)




The Adjoint of a Composition

@ (ST)*=T1*S*forall T € L(V,W) Proof Suppose T € L(V,W)and S € L(W,U).
and S € L(W,U). IfveVandue U, then

(v, (ST)*u) = (STv, u)
= (Tv,S"u)




The Adjoint of a Composition

@ (ST)*=T1*S*forall T € L(V,W) Proof Suppose T € L(V,W)and S € L(W,U).
and S € L(W,U). IfveVandue U, then

(v, (ST)*u) = (STv, u)
= (Tv,S™u)
= (v, T*(S"u)).




The Adjoint of a Composition

@ (ST)*=T1*S*forall T € L(V,W) Proof Suppose T € L(V,W)and S € L(W,U).
and S € L(W,U). IfveVandue U, then

(v, (ST)"u) = (STv, u)
= (Tv,S™u)
= (v, T*(S"u)).




The Adjoint of a Composition

@ (ST)*=T1*S*forall T € L(V,W) Proof Suppose T € L(V,W)and S € L(W,U).

and S € L(W,U). IfveVandue U, then
(v, (ST)"u) = (STv, u)
= (Tv,S™u)
= (v, T*(S"u)).

Thus (ST)*u = T*(S*u), as desired. i




Null Space and Range of T*
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(Null space and range of T*

Suppose T € L(V,W). Then
(@) null 7* = (range T)*;




Null Space and Range of T*

~

(Null space and range of T*

Suppose T € L(V,W). Then
(@) null T* = (range T)*;
(b) range T* = (null T)*;
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Null Space and Range of T*

~

(Null space and range of T*

Suppose T € L(V,W). Then
(@) null T* = (range T)*;
(b) range T* = (null T)*;
(c) null T = (range T*)*;

\ J




Null Space and Range of T*

~

(Null space and range of T*

Suppose T € L(V,W). Then
1.

(@) null 7* = (range T

L.

)
(b) range T* = (null T)*;
(¢) null T = (range T*)
(d) )

\

d) range 7 = (null 7%)*.




Null Space and Range of T*

(Null space and range of T* ") Proof We begin by proving (a). Let w € W. Then
wenllT <= T*'w =0

Suppose T € L(V,W). Then

(@) null 7* = (range T)*;

)
(b) range T* = (null T)*;
(c) null T = (range T*)*;
) )

d) range T = (null 7%)~*.
\( rang (




Null Space and Range of T*

(Null space and range of T* ) Proof We begin by proving (a). Letw € W. Then
wemllT < T*w =0

Suppose T € L(V,W). Then

<~ (v, T*w) =0forallveVv

(@) null 7* = (range T)*;

)
(b) range T* = (null T)*;
(c) null T = (range T*)*;
) )

d) range T = (null 7*)*.
\( rang (nu




Null Space and Range of T*

(Nu” space and range of T* ) Proof We begin by proving (a) Letw € W. Then
wenullT* < T'w=20
. — (v,T*w) =0forallveV

(@) null 7% = (rangeT)~; = (Tv,w) =0forallveV
(b) range T* = (null T)*;
( )
)

)
c) null 7 = (range T*)*;
)

d) range T = (null 7*)*.
\( rang (nu

Suppose T € L(V,W). Then




Null Space and Range of T*

(Null space and range of T*

~

Suppose T € L(V,W). Then

(@) null T* = (rangeT)

(b) range T* = (null T)*;

(c) null T = (range T*)*;
) )

d) range T = (null 7*)*.
\( rang (nu

1.

Proof We begin by proving (a). Letw € W. Then
wemllT* < T*w=20
— (v,T*w) =0forallveV
< (Tv,w) =0forallveV

= w € (rangeT)".




Null Space and Range of T*

(Null space and range of T*

~

Suppose T € L(V,W). Then

(@) null T* = (rangeT)

(b) range T* = (null T)*;

(c) null T = (range T*)*;
) )

d) range T = (null 7*)*.
\( rang (nu

1.

Proof We begin by proving (a). Letw € W. Then
wenllT* < T*w=0
— (v,T*w) =0forallveV
< (Tv,w) =0forallveV

= w € (rangeT)".
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(Null space and range of T*

~

Suppose T € L(V,W). Then

(@) null T* = (rangeT)

(b) range T* = (null T)*;

(c) null T = (range T*)*;
) )

d) range T = (null 7*)*.
\< rang (nu

1.

Proof We begin by proving (a). Letw € W. Then
wenllT* < T*w =0
— (v,T*w) =0forallveV
< (Tv,w) =0forallveV
— w e (rangeT)" .

Thus null 7* = (range T)*, proving (a).




Null Space and Range of T*

(Null space and range of T*

~

Suppose T € L(V,W). Then

(@) null T* = (rangeT)

(b) range T* = (null T)*;

(c) null T = (range T*)*;
) )

d) range T = (null 7*)*.
\< rang (nu

1.

Proof We begin by proving (a). Letw € W. Then
wenllT* < T*w =0
— (v,T*w) =0forallveV
< (Tv,w) =0forallveV
— w e (rangeT)" .

Thus null 7% = (range T)*, proving (a).

If we take the orthogonal complement of both
sides of (a), we get (d).




Null Space and Range of T*

(Nu” Space and range of T* ) Proof We begin by proving (a) Letw € W. Then
wenullT* < T'w=20

— (v,T*w) =0forallveV
1.

(@) null 7% = (rangeT)~; < (Tv,w) =0forallveVv
(b) range T* = (null T)*;
( )
)

)
c) null 7 = (range T*)*;
)

\(d range T = (null 7%)*.

Suppose T € L(V,W). Then

— w e (rangeT)" .

Thus null 7% = (range T)*, proving (a).

If we take the orthogonal complement of both
sides of (a), we get (d).

Replacing T with 7* in (a) gives (c).



Null Space and Range of T*

(Null space and range of - | Proof We begin by proving (a). Letw € W. Then
wenullT* < T*w =0

Suppose T € L(V,W). Then e (1, T*'w)=0forallve v

[

(@) null 7% = (rangeT)~; < (Tv,w) =0forallveVv
(b) range T* = (null T)*;
( )

)

)
c) null 7 = (range T*)*;
)

\(d range T = (null 7%)*.

— w e (rangeT)" .

Thus null 7% = (range T)*, proving (a).

If we take the orthogonal complement of both
sides of (a), we get (d).

Replacing T with 7* in (a) gives (c).

Finally, replacing T with 7* in (d) gives (b). i



Null Space and Range of T*

"\ Proof We begin by proving (a). Letw € W. Then

(Null space and range of T*

S P — wemllT* < T*w=20
ose . Then
upp € L(v, )L — (v,T*w) =0forallve V

(@) null 7% = (rangeT)~; < (Tv,w) =0forallveVv
(b) range T* = (null T)*;
( )

)

)
c) null 7 = (range T*)*;
)

d) range T = (null 7*)*.
\( rang (nu

— w e (rangeT)" .

Thus null 7% = (range T)*, proving (a).

If we take the orthogonal complement of both
sides of (a), we get (d).

( Condition for Surjectivity

Replacing T with 7* in (a) gives (c).

Suppose T € L(V,W). Then T is
surjective if and only if 7* is injective) Finally, replacing T with 7* in (d) gives (b). i




Conjugate Transpose

( Definition: conjugate transpose\

The conjugate transpose of an
m-by-n matrix is the n-by-m matrix
obtained by interchanging the rows
and columns and then taking the

complex conjugate of each entry.
S p Jug Y. y




Conjugate Transpose

( Definition: conjugate transpose\

The conjugate transpose of an
m-by-n matrix is the n-by-m matrix
obtained by interchanging the rows
and columns and then taking the
\complex conjugate of each entry. )

Example: The conjugate transpose

. 2 344 7\,
of the matrix ( 6 5 8 ) is the

matrix
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The conjugate transpose of an
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and columns and then taking the
\complex conjugate of each entry. )

Example: The conjugate transpose

. 2 344 T \.
of the matrix ( 6 5 8 ) is the
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Conjugate Transpose

( Definition: conjugate transpose\

The conjugate transpose of an
m-by-n matrix is the n-by-m matrix
obtained by interchanging the rows
and columns and then taking the
\complex conjugate of each entry. )

Example: The conjugate transpose

. 2 344 T \.
of the matrix ( 6 5 8 ) is the

matrix




Conjugate Transpose

( Definition: conjugate transpose\
(- ; R ™
The conjugate transpose of an The matrix of T
8 TS 8 (% o) s el Let T € L(V,W). Suppose ei,...,e, is an
obtained by interchanging the rows orthonormal basis of V and fi, ..., f, is an
and columns and then taking the erthameriE] SEehs of 17 e
complex conjugate of each entry. i
(. J M(T*,(fi, - fon)s e1, - - en))
Example: The conjugate transpose is the conjugate transpose of
. 2 344 T \.
of the matrix ( p 5 8 ) is the \ M(T, (el,...,en),(fl,...,fm)). §

matrix
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