Duality, part 2: Annihilators and the Matrix of a Dual Map

Sheldon Axler

Linear Algebra
Done Right




(Definition: annihilator, U° ]

For U c V, the annihilator of U, denoted U°, is defined by
U'={peV :pu)=o0fralluc U}




(Definition: annihilator, U° ]

For U c V, the annihilator of U, denoted U°, is defined by
U'={peV :pu)=o0fralluc U}

Example: {0}° = V' and V° = {0}.




(Definition: annihilator, U° ]

For U c V, the annihilator of U, denoted U°, is defined by
={p eV :¢u)=0foraluc U}.

Example: {0}° = V" and V° = {0}.
Example: Suppose U = x*P(R) C P(R). Let ¢ be the linear functional
on P(R) defined by ¢ (p) = p/(0). Then ¢ € U,




(Definition: annihilator, U° )

For U c V, the annihilator of U, denoted U°, is defined by
U= {pcV:pu)=0foralluc U}.

Example: {0}° = V" and V° = {0}.
Example: Suppose U = x*P(R) C P(R). Let ¢ be the linear functional
on P(R) defined by (p) = p’(0). Then ¢ € U°.

( The annihilator is a subspace\

LSuppose UcV.ThenU'is a subj

space of V",




(Definition: annihilator, U° W

For U c V, the annihilator of U, denoted U°, is defined by
U= {pcV:pu)=0foralluc U}.

Example: {0}° = V" and V° = {0}.
Example: Suppose U = x*P(R) C P(R). Let ¢ be the linear functional
on P(R) defined by (p) = p’(0). Then ¢ € U°.

( The annihilator is a subspacew ( Dimension of the annihilator w

LSUppose Uc Vv Then 1P s a SUbJ Suppose V is finite-dimensional and

space of V. U is a subspace of V. Then
dim U + dim U° = dim V.




The Null Space and Range of a Dual Map

~\

( The null space and range of T’

Suppose V and W are finite-dimensional and T € £(V, W). Then
@ null 7’ = (rangeT)";
@ range 7’ = (null 7)°.




The Null Space and Range of a Dual Map

( The null space and range of T’ h
Suppose V and W are finite-dimensional and T € £(V, W). Then
@ null 7’ = (rangeT)";
° T' = (null T)°.
range (null 7) y
( T surjective is equivalent to T' injective h
Suppose V and W are finite-dimensional and 7 € £(V, W). Then
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The transpose of a matrix A, denoted A', is the matrix obtained from
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G

(At)k,/' = Ajk- )

( 5 7) ( The transpose of a producq
Example: IfA={( 3 8 |,

-4 2 If A is an m-by-n matrix and C is
. 5 3 -4 an n-by-p matrix, then
then A= ( -7 8 2 ) (Ac)t — CtAt.
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LSuppose V and W are finite-dimensional and 7' € L(V,W). ThenJ

dim range T equals the column rank of M(T).
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