
Bases



Notation

Reminder:
F denotes either R or C.
V denotes a vector space over F.

Definition: Pm(F)

For m a nonnegative integer, Pm(F) denotes the set of polynomials
with coefficients in F and degree at most m.

Examples:

2x3 − 7x + 5 ∈ P3(R).
(3 + 2i)z2 + 4iz + 9 ∈ P20(C)
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Definition of Basis

Definition: basis

A basis of V is a list of vectors in V that is linearly independent and
spans V.

Examples of bases:

The list (1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, . . . , 0, 1) is a basis of Fn,
called the standard basis of Fn.
The list (1, 1, 0), (0, 0, 1) is a basis of {(x, x, y) ∈ F3 : x, y ∈ F}.
The list (1, 2), (3, 5) is a basis of F2.
The list (1,−1, 0), (1, 0,−1) is a basis of

{(x, y, z) ∈ F3 : x + y + z = 0}.

The list 1, z, . . . , zm is a basis of Pm(F).
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Non-examples of Bases

The list (1, 2,−4), (7,−5, 6) is linearly independent in F3 but is not
a basis of F3 because it does not span F3.

The list (1, 2), (3, 5), (4, 13) spans F2 but is not a basis of F2

because it is not linearly independent.
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Why Bases Are Useful

Basis gives unique representation as linear combination

A list v1, . . . , vn of vectors in V is a basis of V if and only if every
v ∈ V can be written uniquely in the form

v = a1v1 + · · ·+ anvn,

where a1, . . . , an ∈ F.

Example: Let V = {(x, y, z) ∈ F3 : x + y + z = 0}.

The list (1,−1, 0), (1, 0,−1) is a basis of V.

If (x, y, z) ∈ V, then

(x, y, z) = −y(1,−1, 0) + (−z)(1, 0,−1).
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Existence of Bases

Every spanning list contains a basis

Every spanning list in a vector space can be reduced to a basis of
the vector space.

Basis of finite-dimensional vector space

Every finite-dimensional vector space has a basis.

Every linearly independent list extends to a basis

Every linearly independent list of vectors in a finite-dimensional
vector space can be extended to a basis of the vector space.
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