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@ F denotes either R or C.

@ V denotes a finite-dimensional nonzero vector space over F.




Definition of Characteristic Polynomial

(Definition: characteristic polynomiaI\

Suppose V is a complex vector space and
T € L(V). Let A, ..., A\, denote the dis-
tinct eigenvalues of 7, with multiplicities
dy,...,dy. The polynomial
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ds called the characteristic polynomial of T.)
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Because the eigenvalues of T are 6, with
multiplicity 2, and 7, with multiplicity 1, the
characteristic polynomial of T is

(z—6)*(z—17).
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Suppose V is a complex vector
space and T € L(V). Then
@ the characteristic polynomial of
T has degree dim V;
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Suppose V is a complex vector space
and T € L(V). Let g denote the charac-
teristic polynomial of 7. Then ¢(T) = 0.

Proof Let \,..., )\, be the distinct
eigenvalues of the operator T.

Letd,,...,d, be the dimensions of the
corresponding generalized eigenspaces
GALT),...,G(\, T).

Each (T — Ai)|g(,r) is nilpotent and
(T = ND% g1 = 0.

Every vector in V is a sum of vectors in
G\, T),...,G(Am, T). To prove that
q(T) = 0, we need only show that
q(T)|G(,r) = 0 for each j.
Thus fixj € {1,...,m}. We have

q(T) = (T = \D)® - (T = AuD)™.

The operators on the right side of the
equation above all commute, so we can
move the factor (T — \;1)% to be the last
term in the expression on the right.

Because (T — \il)%|g(»,r) = 0, we
conclude that ¢(7)|gy,r) = 0, as
desired. il
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