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Reminder:
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( Definition: basis w
LA basis of V is a list of vectors in V that is linearly independent andJ

spans V.

Example: The list (1,0,...,0),(0,1,0,...,0),...,(0,...,0,1) is a basis
of F", called the standard basis of F”".

How should we define the dimension of a vector space?
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( Basis length does not depend on basis

Uny two bases of a vector space have the same length. J

Proof Suppose B; and B, are two bases of V.

Then By is linearly independent in V and B, spans V, so the length of
B is less than or equal to the length of B,.

Interchanging the roles of B; and B,, we also see that the length of B,
is less than or equal to the length of B;.

Thus the length of B; equals the length of B,, as desired. il
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Definition of Dimension

(Definition: dimension, dim V R
@ The dimension of a finite-dimensional vector space is the
length of any basis of the vector space.
@ The dimension of V (if V is finite-dimensional) is denoted by

Examples:
@ dim F" = n because the standard basis of F* has length n.

@ dim P, (F) = m + 1 because the basis 1,z,...,7" of P,,(F) has
length m + 1.
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Example Checking Just Linear Independence
The list (5,7), (4,3) is a basis of F2.

Proof

This list of two vectors in F? is linearly independent because neither
vector is a scalar multiple of the other.

Note that F? has dimension 2.

Thus this linearly independent list of length 2 is a basis of F? (we do
not need to bother checking that it spans F?). il
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in V with length dim V is a basis of V.

Proof
Suppose dimV =nand vy, ..., v, spans V.

The list vy, ..., v, can be reduced to a basis of V.

However, every basis of V has length », so in this case the reduction is
the trivial one, meaning that no elements are deleted from vy, ..., v,.

In other words, vy, ..., v, is a basis of V, as desired. i




Dimension of a Sum

( Dimension of a sum \

If Uy and U, are subspaces of a finite-dimensional vector space,
then

dim(U1 -+ Uz) =dim U; + dim U, — dim(U1 N Uz).
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