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@ An operator S € L(V) is called
an isometry if
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forallv e V.

@ In other words, an operator is
an isometry if it preserves
rms.
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@ An operator S € L(V) is called
an isometry if
1Svll = vl
forallv e V.

@ In other words, an operator is
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Example: Suppose A € F. Then M\l is
an isometry if and only if |\| = 1.

Example: Suppose Ay, ..., \, are scalars
with |\j| = 1 and § € £L(V) satisfies

Se; = Aje; for some orthonormal basis
er,...,e, of V.
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- ~ Example: Suppose Ay, ..., \, are scalars
Definition: isometry with [\j| =1 and S € L(V) satisfies
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(Characterization of isometries

For S € L(V), the following are equivalent:

(a) Sis an isometry;

(b) (Su,Sv) = (u,v) for all u,v € V;

(c) Sei,...,Se, is orthonormal for every or-
thonormal list of vectors ey, ..., e, in V;

(d) there exists an orthonormal basis ey, . . ., e,
of V such that Sey, ..., Se, is orthonormal;

e) S*S =1,

fy SS*=1;

g) S* is an isometry;

h) S is invertible and S~! = §*
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(@) = (b) = (c) = (d) = (e) = (f)
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u,v € Vwe have

e vl = = vl

(u,7) :
_ UISG+ )P — 1S — )]
4
[[Su+ Sv||? — ||Su — Sv||?
N 4
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Now suppose (b) holds, so §
preserves inner products.
Suppose that ey, ..., e, is an
orthonormal list of vectors in V.
Then the list Seq, ..., Se, is
orthonormal because

(Sej, Sex) = (ej, ex).
Thus (c) holds.

Clearly (c) implies (d).
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Now suppose (d) holds.
Letey,...,e, be an orthonormal
basis of V such that Sey, ..., Se, is
orthonormal. Thus
(S*Sej, ex) = (Sej, Sex)
- <€j7 €k>
forj,k=1,...,n. All vectors
u,v € V can be written as linear
combinations of ey, ..., e,, and thus
the equation above implies that
(S*Su,v) = (u,v)
forall u,v € V.
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For S € L(V), the following are equivalent:

(a) Sis an isometry;

(b) (Su,Sv) = (u,v) for all u,v € V;
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e) S*S =1,

fy SS*=1;

g) S* is an isometry;
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of V such that Sey, ..., Se, is orthonormal;

or-

) €n

Now suppose (d) holds.
Letey,...,e, be an orthonormal
basis of V such that Sey, ..., Se, is
orthonormal. Thus

<S*S€j, €k> = <S€j, S€k>
= <€j, €k>
forj,k=1,...,n. All vectors
u,v € V can be written as linear

combinations of ¢y, ..., e,, and thus
the equation above implies that

(S*Su,v) = (u,v)

forall u,v € V. Hence §*S = I; in
other words, (e) holds.
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(e) S*S =1, = ()
(f) Ss*=1;
(g) S* is an isometry;
h) S is invertible and S—! = §*
U y




Characterization of Isometries

(Characterization of isometries A
: : That (e) implies (f) is a special case
For S € L(V), the following are equivalent: of the result that if S, 7 € £(V) and
(a) Sis an isometry; TS = I'implies ST = I.
151} {8z, 60)) = (o) 0T @l € 7 Now suppose (f) holds, so S$* = I.
(c) Sei,...,Se, is orthonormal for every or- If v € V. then
thonormal list of vectors ey, ... e, in V; . 112 . o
. . 1SV]I7 = (", §%w)
(d) there exists an orthonormal basis ey, . . ., e, _(ss*
of V such that Sey, ..., Se, is orthonormal; = (857, v)
(e) S*S =1I; = (v,v)
(f) Ss* =1, = |IvlI*.
(g) S* is an isometry;
h) S is invertible and S—! = §*
! J




Characterization of Isometries

(Characterization of isometries A
: : That (e) implies (f) is a special case
For S € L(V), the following are equivalent: of the result that if S, 7 € £(V) and
(a) Sis an isometry; TS = I implies ST = I.
(b) (S, 5v)i= <”fv> 1er &lll v & V2 Now suppose (f) holds, so SS* =1
(c) Sey,...,Se, is orthonormal for every or- If v € V. then
thonormal list of vectors ey, ..., e, in V;
) : ISV[I* = (S*v, ™)
(d) there exists an orthonormal basis ey, . . ., e, .
of V such that Sey, .. ., Se, is orthonormal; = (S57v,v)
(e) S*S =1I; = (v,v)
(f) Ss* =1, = |IvlI*.
(g) S* is an isometry; Thus S* is an isometry, showing
(M) Sis invertible and 5! = 5. ) that (g) holds.




Characterization of Isometries

~\

(Characterization of isometries

For S € L(V), the following are equivalent:

(a) Sis an isometry;

(b) (Su,Sv) = (u,v) for all u,v € V;

(c) Sei,...,Se, is orthonormal for every or-
thonormal list of vectors ey, ..., e, in V;

(d) there exists an orthonormal basis ey, . . ., e,
of V such that Sey, ..., Se, is orthonormal;

e) S*S =1,

fy SS*=1;

g) S* is an isometry;

h) S is invertible and S~! = §*
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Characterization of Isometries

~\

(Characterization of isometries

- : Now suppose (g) holds, so §* is an
For S € L(V), the following are equivalent: isometry.

(a) Sis an isometry;

(b) (Su,Sv) = (u,v) for all u,v € V;

(c) Sei,...,Se, is orthonormal for every or-
thonormal list of vectors ey, ..., e, in V;

(d) there exists an orthonormal basis ey, . . ., e,
of V such that Sey, ..., Se, is orthonormal;

e) S*S =1,

fy SS*=1;

g) S* is an isometry;

h) S is invertible and S~! = §*

',\,\AA




Characterization of Isometries

(Characterization of isometries A
: Now suppose (g) holds, so §* is an
For S € L(V), the following are equivalent: isometry.
(b) (S, Sv) = (u,v) for all u, v € V; and (a) = (f) but with § replaced
i with §* [and using the equation
(c) Sel,...,Sen. is orthonormal for every or- (5*)* = 5], we conclude that
thonormal list of vectors ey, ..., e, in V; § 4 s
(d) there exists an orthonormal basis ey, . . . , e, 85 =1 and S5=1I.
of V such that Sey, ..., Se, is orthonormal;
(e) S*S=1;
(f) SS*=1;
(g) S* is an isometry;
h) S is invertible and S~ = §*
W y




Characterization of Isometries

(Characterization of isometries A
- : Now suppose (g) holds, so §* is an
For S € L(V), the following are equivalent: isometry.
(a) Sis an isometry; USing the |mp||Cat|0nS (a) = (e)
(b) (Su,Sv) = (u,v) for all u,v € V; ;rllﬂ (Si) [jng) zyr;[gwtlﬁgse;eg?gre]d
: usi uati
(c) Sel,...,Se,,. is orthonormal for every or- ($*)* = 5], we conclude that
thonormal list of vectors ey, ..., e, in V; . .
(d) there exists an orthonormal basis ey . . . , e, §§°=1 and §°§=1.
of V such that Sey, ..., Se, is orthonormal; Thus S is invertible and S~ = §*; in
(e) §*S =I; other words, (h) holds.
(f) SS*=1;
(g) S* is an isometry;
h) S is invertible and S~ = §*
W y




Characterization of Isometries

~\

(Characterization of isometries

For S € L(V), the following are equivalent:

(a) Sis an isometry;

(b) (Su,Sv) = (u,v) for all u,v € V;

(c) Sei,...,Se, is orthonormal for every or-
thonormal list of vectors ey, ..., e, in V;

(d) there exists an orthonormal basis ey, . . ., e,
of V such that Sey, ..., Se, is orthonormal;

e) S*S =1,

fy SS*=1;

g) S* is an isometry;

h) S is invertible and S~! = §*
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Characterization of Isometries

~\

(Characterization of isometries

: : Now suppose (h) holds, so S is
For S € L(V), the following are equivalent: invertible and S-! = S*

(a) Sis an isometry;

(b) (Su,Sv) = (u,v) for all u,v € V;

(c) Sei,...,Se, is orthonormal for every or-
thonormal list of vectors ey, ..., e, in V;

(d) there exists an orthonormal basis ey, . . ., e,
of V such that Sey, ..., Se, is orthonormal;

e) S*S =1,

fy SS*=1;

g) S* is an isometry;

h) S is invertible and S~! = §*

',\,\AA




Characterization of Isometries

(Characterization of isometries A
: : Now suppose (h) holds, so S is
For S € L(V), the following are equivalent: invertible and S-! = S*
(a) S is an isometry; Thus §*S =1

(b) (Su,Sv) = (u,v) for all u,v € V;
(c) Sei,...,Se, is orthonormal for every or-
thonormal list of vectors ey, ..., e, in V;

(d) there exists an orthonormal basis ey, . . ., e,
of V such that Sey, ..., Se, is orthonormal;

e) S*S =1,

fy SS*=1;

g) S* is an isometry;

h) S is invertible and S~! = §*

—_ o~~~




Characterization of Isometries

~\

(Characterization of isometries

: : Now suppose (h) holds, so S is
For S € L(V), the following are equivalent: invertible and S-! = S*

(a) Sis an isometry; Thus $*S =1
(b) (Su,Sv) = (u,v) for all u,v € V; If v.€ V, then

2
(c) Sey,...,Se, is orthonormal for every or- 1Sv][= = {Sv, Sv)
thonormal list of vectors ey, ..., e, in V;

(d) there exists an orthonormal basis ey, . . ., e,
of V such that Sey, ..., Se, is orthonormal;

e) S*S =1,

fy SS*=1;

g) S* is an isometry;

h) S is invertible and S~! = §*

—_ o~~~




Characterization of Isometries

~\

(Characterization of isometries

: : Now suppose (h) holds, so S is
For S € L(V), the following are equivalent: invertible and S-! = S*

(a) Sis an isometry; Thus $*S =1
(b) (Su,Sv) = (u,v) for all u,v € V; Ifv.e v, then

. 2 _
(c) Sei,...,Se, is orthonormal for every or- [[Sv][= = (Sv, Sv)
thonormal list of vectors ey, ..., e, in V; = (§*"Sv,v)

(d) there exists an orthonormal basis ey, . . ., e,
of V such that Sey, ..., Se, is orthonormal;

e) S*S =1,

fy SS*=1;

g) S* is an isometry;

h) S is invertible and S~! = §*

—_ o~~~




Characterization of Isometries

~\

(Characterization of isometries

: : Now suppose (h) holds, so S is
For S € L(V), the following are equivalent: invertible and S-! = S*

(a) Sis an isometry; Thus $*S =1
(b) (Su,Sv) = (u,v) for all u,v € V; Ifv.e v, then

. 2 _
(c) Sei,...,Se, is orthonormal for every or- [[Sv][= = (Sv, Sv)
thonormal list of vectors ey, ..., e, in V; = (S*Sv,v)

(d) there exists an orthonormal basis ey, . . ., e, = (v,v)
of V such that Sey, ..., Se, is orthonormal;

e) S*S =1,

fy SS*=1;

g) S* is an isometry;

h) S is invertible and S~! = §*

—_ o~~~




Characterization of Isometries

(Characterization of isometries

~\

For S € L(V), the following are equivalent:
(a) Sis an isometry;
(b) (Su,Sv) = (u,v) for all u,v € V;

(c) Sei,...,Se, is orthonormal for every
thonormal list of vectors ey, . . .

(d) there exists an orthonormal basis ey, . . .
of V such that Se;, . ..

e) S*S =

fy SS*=1;

g) S* is an isometry;

h) S is invertible and S~! = §*

—_ o~~~

,e, inV;

,Se,, is orthonormal;

or-

) €n

Now suppose (h) holds, so S is

invertible and S—! = §*
Thus $*S =1
If v eV, then
HSvH2 (Sv, Sv)
= (S*Sv,v)
= (V)
= |Iv||*.



Characterization of Isometries

(Characterization of isometries

~\

For S € L(V), the following are equivalent:

(a) Sis an isometry;
(b) (Su,Sv) = (u,v) for all u,v € V;

(c) Sei,...,Se, is orthonormal for every
thonormal list of vectors ey, . . .

of V such that Se;, . ..
e) S*S =
f) S§*=1;
g) S* is an isometry;
h) S is invertible and S~! = §*

—_ o~~~

,e, inV;

(d) there exists an orthonormal basis ey, . . .
,Se,, is orthonormal;

or-

) €n

Now suppose (h) holds, so S is

invertible and S—! = §*
Thus $*S =1
If v eV, then
HSvH2 (Sv, Sv)
= (S*Sv,v)
= (V)
= |Iv||*.

Thus S is an isometry, showing that
(a) holds. i



Isometries on Complex Inner Product Spaces

~

(Description of isometries
whenF = C

Suppose V is a complex inner product
space and S € L(V). The following are
equivalent:

(a) Sis anisometry.

(b) There is an orthonormal basis of V
consisting of eigenvectors of §
whose corresponding eigenvalues

\ all have absolute value 1. )




Isometries on Complex Inner Product Spaces

) Proof Suppose (a) holds, so S is an
isometry.

(Description of isometries
whenF = C

Suppose V is a complex inner product
space and S € L(V). The following are
equivalent:

(a) Sis anisometry.

(b) There is an orthonormal basis of V
consisting of eigenvectors of §
whose corresponding eigenvalues

\ all have absolute value 1. )




Isometries on Complex Inner Product Spaces

(Description of isometries A

whenF = C

Suppose V is a complex inner product
space and S € L(V). The following are
equivalent:

(a) Sis anisometry.

(b) There is an orthonormal basis of V
consisting of eigenvectors of §
whose corresponding eigenvalues

\ all have absolute value 1. )

Proof Suppose (a) holds, so S is an
isometry. By the Complex Spectral
Theorem, there is an orthonormal basis
el1,...,e, of V consisting of eigenvectors
of S.




Isometries on Complex Inner Product Spaces

(Description of isometries A

whenF = C

Suppose V is a complex inner product
space and S € L(V). The following are
equivalent:

(a) Sis anisometry.

(b) There is an orthonormal basis of V
consisting of eigenvectors of §
whose corresponding eigenvalues

\_ all have absolute value 1. )

Proof Suppose (a) holds, so S is an
isometry. By the Complex Spectral
Theorem, there is an orthonormal basis
e1,...,e, Of V consisting of eigenvectors
of S. Forj e {1,...,n}, let \; be the
eigenvalue corresponding to e;.




Isometries on Complex Inner Product Spaces

(Description of isometries A

whenF = C

Suppose V is a complex inner product
space and S € L(V). The following are
equivalent:

(a) Sis anisometry.

(b) There is an orthonormal basis of V
consisting of eigenvectors of §
whose corresponding eigenvalues

\_ all have absolute value 1. )

Proof Suppose (a) holds, so S is an
isometry. By the Complex Spectral
Theorem, there is an orthonormal basis
e1,...,e, Of V consisting of eigenvectors
of S. Forj e {1,...,n}, let \; be the
eigenvalue corresponding to ¢;. Then

A= (el




Isometries on Complex Inner Product Spaces

(Description of isometries A

whenF = C

Suppose V is a complex inner product
space and S € L(V). The following are
equivalent:

(a) Sis anisometry.

(b) There is an orthonormal basis of V
consisting of eigenvectors of §
whose corresponding eigenvalues

\_ all have absolute value 1. )

Proof Suppose (a) holds, so S is an
isometry. By the Complex Spectral
Theorem, there is an orthonormal basis
e1,...,e, Of V consisting of eigenvectors
of S. Forj e {1,...,n}, let \; be the
eigenvalue corresponding to ¢;. Then

Il = [ Neill
= ||Se;]|




Isometries on Complex Inner Product Spaces

(Description of isometries A

whenF = C

Suppose V is a complex inner product
space and S € L(V). The following are
equivalent:

(a) Sis anisometry.

(b) There is an orthonormal basis of V
consisting of eigenvectors of §
whose corresponding eigenvalues

\_ all have absolute value 1. )

Proof Suppose (a) holds, so S is an
isometry. By the Complex Spectral
Theorem, there is an orthonormal basis
e1,...,e, Of V consisting of eigenvectors
of S. Forj e {1,...,n}, let \; be the
eigenvalue corresponding to ¢;. Then

Il = [ Neill
= ||Se;l

= |l¢jl|




Isometries on Complex Inner Product Spaces

(Description of isometries A

whenF = C

Suppose V is a complex inner product
space and S € L(V). The following are
equivalent:

(a) Sis anisometry.

(b) There is an orthonormal basis of V
consisting of eigenvectors of §
whose corresponding eigenvalues

\_ all have absolute value 1. )

Proof Suppose (a) holds, so S is an
isometry. By the Complex Spectral
Theorem, there is an orthonormal basis
e1,...,e, Of V consisting of eigenvectors
of S. Forj e {1,...,n}, let \; be the
eigenvalue corresponding to ¢;. Then

Il = [ Neill
= ||Se;l

= [lel
=1.




Isometries on Complex Inner Product Spaces

(Description of isometries A

whenF = C

Suppose V is a complex inner product
space and S € L(V). The following are
equivalent:

(a) Sis anisometry.

(b) There is an orthonormal basis of V
consisting of eigenvectors of §
whose corresponding eigenvalues

\_ all have absolute value 1. )

Proof Suppose (a) holds, so S is an
isometry. By the Complex Spectral
Theorem, there is an orthonormal basis
e1,...,e, Of V consisting of eigenvectors
of S. Forj e {1,...,n}, let \; be the
eigenvalue corresponding to ¢;. Then

A= INe|
= [|Sej|
= [lej]
— 1.

Thus each eigenvalue of S has absolute
value 1. Hence (b) holds.



Isometries on Complex Inner Product Spaces

(Description of isometries A

whenF = C

Suppose V is a complex inner product
space and S € L(V). The following are
equivalent:

(a) Sis anisometry.

(b) There is an orthonormal basis of V
consisting of eigenvectors of §
whose corresponding eigenvalues

\_ all have absolute value 1. )

Proof Suppose (a) holds, so S is an
isometry. By the Complex Spectral
Theorem, there is an orthonormal basis
e1,...,e, Of V consisting of eigenvectors
of S. Forj e {1,...,n}, let \; be the
eigenvalue corresponding to ¢;. Then

(Al = [Nl
= [1Sejll
= llejll
= 1.
Thus each eigenvalue of S has absolute

value 1. Hence (b) holds.
We earlier showed that (b) implies (a). B
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