
Positive Operators and Isometries, part 2: Isometries



Definition and Example of Isometries

Definition: isometry

An operator S ∈ L(V) is called
an isometry if

‖Sv‖ = ‖v‖
for all v ∈ V.
In other words, an operator is
an isometry if it preserves
norms.

Example: Suppose λ ∈ F. Then λI is
an isometry if and only if |λ| = 1.

Example: Suppose λ1, . . . , λn are scalars
with |λj| = 1 and S ∈ L(V) satisfies
Sej = λjej for some orthonormal basis
e1, . . . , en of V. Suppose v ∈ V. Then

v = 〈v, e1〉e1 + · · ·+ 〈v, en〉en

and

‖v‖2 = |〈v, e1〉|2 + · · ·+ |〈v, en〉|2.
Now

Sv = 〈v, e1〉Se1 + · · ·+ 〈v, en〉Sen

= λ1〈v, e1〉e1 + · · ·+ λn〈v, en〉en.

Thus

‖Sv‖2 = |〈v, e1〉|2 + · · ·+ |〈v, en〉|2.
Hence ‖v‖ = ‖Sv‖. Thus S is an isometry.
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Characterization of Isometries

Characterization of isometries

For S ∈ L(V), the following are equivalent:

(a) S is an isometry;
(b) 〈Su, Sv〉 = 〈u, v〉 for all u, v ∈ V;
(c) Se1, . . . , Sen is orthonormal for every or-

thonormal list of vectors e1, . . . , en in V;
(d) there exists an orthonormal basis e1, . . . , en

of V such that Se1, . . . , Sen is orthonormal;
(e) S∗S = I;
(f) SS∗ = I;
(g) S∗ is an isometry;
(h) S is invertible and S−1 = S∗.

Proof We will prove that
(a)⇒ (b)⇒ (c)⇒ (d)⇒ (e)⇒ (f)
⇒ (g)⇒ (h)⇒ (a).
First suppose (a) holds, so S is an
isometry. If F = R, then for every
u, v ∈ V we have

〈u, v〉 =
‖u + v‖2 − ‖u− v‖2

4

=
‖S(u + v)‖2 − ‖S(u− v)‖2

4

=
‖Su + Sv‖2 − ‖Su− Sv‖2

4
= 〈Su, Sv〉,

and thus (b) holds.
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Suppose that e1, . . . , en is an
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orthonormal because

〈Sej, Sek〉 = 〈ej, ek〉.
Thus (c) holds.

Clearly (c) implies (d).
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Isometries on Complex Inner Product Spaces

Description of isometries
when F = C

Suppose V is a complex inner product
space and S ∈ L(V). The following are
equivalent:

(a) S is an isometry.
(b) There is an orthonormal basis of V

consisting of eigenvectors of S
whose corresponding eigenvalues
all have absolute value 1.

Proof Suppose (a) holds, so S is an
isometry. By the Complex Spectral
Theorem, there is an orthonormal basis
e1, . . . , en of V consisting of eigenvectors
of S. For j ∈ {1, . . . , n}, let λj be the
eigenvalue corresponding to ej. Then

|λj| = ‖λjej‖
= ‖Sej‖
= ‖ej‖
= 1.

Thus each eigenvalue of S has absolute
value 1. Hence (b) holds.
We earlier showed that (b) implies (a).
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