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Review of Isometries

~

(Definition: isometry

@ An operator S € L(V) is called an
isometry if
[1SvIl = [Iv]
forallv e V.

@ In other words, an operator is an
isometry if it preserves norms.
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Review of Isometries

(Definition: isometry

~

(E very isometry is normal h

N\

@ An operator S € L(V) is called an
isometry if
[1SvIl = [Iv]
forallv e V.

@ In other words, an operator is an
isometry if it preserves norms.

Suppose S € L(V). Then the following
are equivalent:

@ Sis an isometry.
@ S*S=1.
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\ @ SS*=1. Y,




Examples of Isometries

Example: Let 6§ € R. Then the (cos,sin )
operator on R? of counterclockwise
rotation by an angle of 6 is an isometry,
as is geometrically obvious.
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Examples of Isometries

Example: Let 8 € R. Then the (cos,sin )
operator on R? of counterclockwise
rotation by an angle of 6 is an isometry,
as is geometrically obvious.

The matrix of this operator with respect 1
to the standard basis is

cos —sinf
sinf cosf ’

If 6 is not an integer multiple of =, then
no nonzero vector of R? gets mapped
to a scalar multiple of itself, and hence
the operator has no eigenvalues.




Description of Isometries on Real Inner Product Spaces

(Description of isometries whenF = R\

Suppose V is a real inner product space and
S € L(V). Then the following are equivalent:

(a) Sis anisometry.

(b) There is an orthonormal basis of V with
respect to which S has a block diagonal
matrix such that each block on the diago-
nal is a 1-by-1 matrix containing 1 or —1
or is a 2-by-2 matrix of the form

cosf —sind
sin@ cos@ ’

with 6 € (0, 7).
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Description of Isometries on Real Inner Product Spaces

Proof Suppose (a) holds, so S is an
(Description of isometries whenF = R\ isometry.

Suppose V is a real inner product space and
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Description of Isometries on Real Inner Product Spaces

Proof Suppose (a) holds, so S is an
(Description of isometries whenF — R | isometry. There is an orthonormal
basis of V with respect to which S has
Suppose V is a real inner product space and | a block diagonal matrix such that each
S € L(V). Then the following are equivalent: | block is a 1-by-1 matrix or a 2-by-2
matrix of the form

(a) Sis anisometry.

(b) There is an orthonormal basis of V with ( Z b > ,
respect to which S has a block diagonal “
matrix such that each block on the diago- | With & > 0.
nal is a 1-by-1 matrix containing 1 or —1
or is a 2-by-2 matrix of the form
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sin@ cos@ ’

with 6 € (0, 7).
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Description of Isometries on Real Inner Product Spaces

Proof Suppose (a) holds, so S is an
(Description of isometries whenF — R | isometry. There is an orthonormal
basis of V with respect to which S has
Suppose V is a real inner product space and | a block diagonal matrix such that each
S € L(V). Then the following are equivalent: | block is a 1-by-1 matrix or a 2-by-2
matrix of the form

(a) Sis anisometry.
(b) There is an orthonormal basis of V with < Z ;b ) ,

respect to which S has a block diagonal .

matrix such that each block on the diago- | With6>0. _

nal is a 1-by-1 matrix containing 1 or —1 | If Ais anentry in a 1-by-1 matrix along

or is a 2-by-2 matrix of the form the diagonal of the matrix of S, then
. A=1lor\x=—1.
cos —sinf
( sinf cosf > ’
with 8 € (0, 7).
. (0,) y




Description of Isometries on Real Inner Product Spaces

(Description of isometries whenF =

R\

(a) Sis anisometry.

cos 6
sin 0

with 6 € (0, 7).

Suppose V is a real inner product space and
S € L(V). Then the following are equivalent:

(b) There is an orthonormal basis of V with
respect to which S has a block diagonal
matrix such that each block on the diago-
nal is a 1-by-1 matrix containing 1 or —1
or is a 2-by-2 matrix of the form

—sin6
cos 0 ’
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Proof Suppose (a) holds, so S is an
isometry. There is an orthonormal
basis of V with respect to which S has
a block diagonal matrix such that each
block is a 1-by-1 matrix or a 2-by-2
matrix of the form

a —b
b a ’
with b > 0.

If Ais an entry in a 1-by-1 matrix along
the diagonal of the matrix of S, then
A=1or\=—1.Because a®> + bh* = 1
and b > 0, we can choose 0 € (0, 7)
such that a = cos and b = sin 6.



Description of Isometries on Real Inner Product Spaces

Proof Suppose (a) holds, so S is an
(Description of isometries when F — R | isometry. There is an orthonormal
basis of V with respect to which S has
Suppose V is a real inner product space and | a block diagonal matrix such that each
S € L(V). Then the following are equivalent: | block is a 1-by-1 matrix or a 2-by-2
matrix of the form

(a) Sis anisometry.
(b) There is an orthonormal basis of V with < Z b ) ,
respect to which S has a block diagonal “

matrix such that each block on the diago- | With 5 >0. _
nal is a 1-by-1 matrix containing 1 or —1 | If Ais anentry in a 1-by-1 matrix along

or is a 2-by-2 matrix of the form the diagonal of the matrix of S, then
. A=1lor\=—1.Becausea® +b* =1
cosf) —sinf
sind  cosf | and b > 0, we can choose 6 € (0, 7)
such that a = cos 6 and b = sin 6.

with 6 € (0, ). ) Thus the matrix has the required form,
proving that (a) implies (b).
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