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Definition Boxes and Result Boxes

(Definition: basis A
A basis of V is a list of vectors in V that is linearly independent and
spans V.

P Y

(Notation: F

\Throughout this book, F stands for either R or C. )

~

fDimension of a sum

If U, and U, are subspaces of a finite-dimensional vector space,
then

9 dim(U; + U,) = dim Uy + dim U, — dim(U; N Uy). )
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(Notation: R \
)

LR denotes the field of real numbers.

Some nonconstant polynomials with real coefficients have no real
zeros. Example: the equation

2+1=0
has no real solutions.

Thus we invent a solution, called i, with the property that i = —1.




Complex Numbers

( Definition: complex numbers

N

@ A complex number is an ordered pair (a,b), where a,b € R, but
we will write this as a + bi.

@ The set of all complex numbers is denoted by C:
C={a+bi:abecR}.
@ Addition and multiplication on C are defined by
(a+bi)+ (c+di) = (a+c)+ (b+d)i,

% (a+ bi)(c + di) = (ac — bd) + (ad + bc)i. y

If a € R, we identify a 4 0i with the real number a. Thus we think of R
as a subset of C. We also usually write 0+ bi as just bi, and we usually
write 0 + 1i as just i. The definition of multiplication shows that i = —1.




Properties of Complex Arithmetic

@ commutativity
a+p=pB+aand af = paforall a,s € C;
@ associativity
(a+B)+A=a+ (B+ ) and (af)\ = a(BA) forall o, 8, \ € C;
@ identities
A+0=Xand A\l = Xforall A € C;
@ additive inverse
for every a € C, there exists a unique € C such that o + 8 = 0;
@ multiplicative inverse
for every a € C with a # 0, there exists a unique 5 € C such that
af =1;
o distributive property
Ma+8)=da+ Agforall A\, «a, 5 € C.



(Notation: F \

LF denotes either R or C. )

Elements of F are sometimes called scalars, which is just a fancy word
for numbers.




N

(Definition: R? and R®

@ The set R?, which you can think of as a plane, is the set of all
ordered pairs of real numbers:

R?={(x,y) : x,y € R}.

@ The set R?, which you can think of as ordinary space, is the set
of all ordered triples of real numbers:

R’ ={(x,y,2) : x,y,z € R}.







Fix a positive integer n.

( Definition: list, length

A list of length n is an ordered collection of n numbers separated by
commas and surrounded by parentheses.

Example: (7,3) is a list of length 2. Thus (7,3) € R>.
Example: (5,9, —2) is a list of length 3. Thus (5,9, -2) € R>.

A list of length n looks like this:

(xla" : 7xn)'

Two lists are equal if and only if they have the same length and the
same elements in the same order.



Fl’l

( Definition: " h

F" is the set of all lists of length » of elements of F:

Fn:{(xlv-'-;xn)3Xj€Ff0rj:1,...,]’1}.

Example: R* is the set of all lists of four real numbers:
R4 = {(xayasz) X, V, L, W E R}

Example: C* is the set of all lists of four complex numbers:

C* = {(z1,22,23,24) : 21,22,23,24 € C}.

Elements of F” are often called points or vectors.



Addition and Scalar Multiplication

( Definition: addition in F" )
Addition in F" is defined by adding corresponding coordinates: J

(X150 %) + Ot dm) = (X0 + Y1500 X0+ ).

Example: (3,4,—1,-2) + (5,0,6,—7) = (8,4,5,-9)

( Definition: scalar multiplication in F"

|

The product of a number A € F and a vector in F” is computed by
multiplying each coordinate of the vector by A:

A1y ey xn) = (A, -y Axp).

Example: i(i,2,5 +i,—3i) = (—1,2i,—1 + 5, 3)
.



Single Letters Can Denote Elements of F”

Using a single letter to denote elements of F" is often efficient.

(Commutativity of addition in F" A

kIfx,y6F",thenx—i—y=y—i—x. P

(Definition: 0 R
Let 0 denote the list of length n whose coordinates are all 0:

L 0=(0,...,0). )

(Multiplication by 0 h
If x € F", then Ox = 0.

\_ J
The 0 above on the left is the number 0.

The 0 above on the riﬁht is the vector 0 in F".










Motivation for Vector Space Definition

Reminder: F denotes either R or C.

The motivation for the definition of a vector space comes from
properties of addition and scalar multiplication in F”:

@ Addition is commutative, associative, and has an identity.
@ Every element has an additive inverse.

@ Scalar multiplication is associative.

@ Scalar multiplication by 1 acts as expected.

@ Addition and scalar multiplication are connected by distributive
properties.




Addition and Scalar Multiplication

(Definition: addition, scalar multiplication

@ An addition on a set V is a function that assigns an
element u + w € V to each pair of elements u,w € V.

@ A scalar multiplication on a set V is a function that assigns an
element \u € Vto each A € F and each u € V. )

\

Example: Suppose V is the set of real-valued functions on the interval
[0,1]. Forf,g € Vand X € R, define f + g and \f by

(f+8)(x) =f(x) + g(x)

and

(M) (x) = A (x).
Thusf+geVand ) € V.



Definition of Vector Space

~

(Definition: vector space

A vector space is a set V along with an addition on V and a
scalar multiplication on V such that the following properties
hold:

commutativity e ut+w=w+uforallu,we V;

associativity e (u+v)+w=u+ (v+w)and (ab)u = a(bu) for all
u,v,we Vandalla,b€F;

additive identity e there exists 0 € Vsuchthatu +0=uforallu € V;

additive inverse o for every u € V, there exists w € V such that u + w = 0;
multiplicative identity e lu=uforallueV;
distributive properties e a(u+w)=au+awand (a+b)u=au+ buforalla,b €F
9 and all u,w € V. D




@ F" with the usual operations of addition and scalar multiplication is
a vector space.

@ F is defined to be the set of all sequences of elements of F:
F° ={(x1,x,...):x;€eFforj=1,2,... }.
Addition and scalar multiplication on F>° are defined as expected:

(x1,x2,...) + O1,y2, ... ) = (x1 +y1,02 +y2,...),
Alxr,x0,...) = (Axp, A, ..l ).

With these definitions, F>° becomes a vector space.




Another example

If S is a set, then FS denotes the set of functions from S to F.

For f,g € FS, the sumf + g € FS is the function defined by
(f +8)(x) =f(x) + 8(x)

forall x € S.

For A € F and f € FS, the product \f € FS is the function defined by
(M) (x) = M(x)

for all x € S.

With these definitions of addition and scalar multiplication, FS becomes
a vector space.



Our First Theorem

( The number 0 times a vector

uf V is a vector space, then Ou = 0 for every u € V. J

Proof For u € V, we have
Ou= (0+0)u
= Ou + Ou.

Adding the additive inverse of Ou, denoted —Ou, to both sides of the
equation above gives

Ou + (—Ou) = Ou + Ou + (—Ou),

which can be rewritten as
0 = Ou,

as desired. i



Why Abstraction?

Advantages of the abstract approach:
@ Can apply in multiple new situations.

@ Stripping away inessential properties
leads to greater understanding.

If V is a vector space, it would be
incorrect to prove that Ou =0 foru e vV
by writing: Let u = (x,...,x,), thus
Ou = (Oxy, ..., 0x,)
=(0,...,0)
=0.

An element of V is not necessarily of
the form (xi, ..

3 Xn)-










Definition of Subspace

Reminder: F denotes either R or C.

From now on, V denotes a vector space over F.

( Definition: subspace

A subset U of V is called a subspace of V if U is also a vector space
(using the same addition and scalar multiplication as on V).

Example: {(x1,x2,0) : x1,x, € F} is a subspace of F>.




Conditions for a Subspace

~\

(Conditions for a subspace

A subset U of V is a subspace of V if and only
if U satisfies the following three conditions:

additive identity e 0 U;
closed under addition e u,w < Uimpliesu+w € U,

closed under scalar multiplication e Ne Fandu € Uimplies \u € U.

\




Examples of Subspaces

Examples of subspaces:
@ If b € F, then
{(x1,x2,x3,x4) € F*:x3 = 5% + b}
is a subspace of F* if and only if b = 0.
@ The set of continuous real-valued functions on the interval [0, 1] is
a subspace of R,
@ The set of differentiable real-valued functions on R is a subspace
of RR,
@ The set of differentiable real-valued functions f on the interval
(0,3) such that f/(2) = b is a subspace of R(>) if and only if b = 0.
@ The set of all sequences of complex numbers with limit 0 is a
subspace of C*.
@ The subspaces of R? are precisely {0}, R?, and all lines in R?
through the origin.
@ The subspaces of R? are precisely {0}, R?, all lines in R? through
the origin, and all planes in R? through the origin.



Sums of Subspaces

N

(Definition: sum of subsets

Suppose Uy, ..., U, are subsets of V. The sum of Uy, ..., U,, de-
noted U, + - - - + U, is the set of all possible sums of elements of
Ui, ..., U,. More precisely,

k U +---+ U, :{ul—i—--'—}—um:ulEUl,...,umEUm}. J

( Sum of subspaces is the smallest containing subspace h

Suppose Uy, ..., U, are subspaces of V. Then U; + --- + U, is the
smallest subspace of V containing Uy, ..., U,. y

Analogy: sums of subspaces <— unions of subsets in set theory



N

(Definition: direct sum

Suppose Uy, ..., U, are subspaces of V.

@ Thesum U, + --- + U, is called a direct sum if each element
of Uy + - - - + U,, can be written in only one way as a sum
ui + - -+ wuy,, Where each yu; is in U;.
e IfU +---+U,isadirect sum,then U; & --- & U,, denotes
Uy + - - + Uy, with the @ notation serving as an indication that
\ this is a direct sum. )

Example: Suppose
U={(xy,00cF :x,ycF} and W=1{(0,0,z) € F®:z€cF}.
ThenF =U g W.



~N

(Condition for a direct sum
., U, are subspaces of V. Then U; + --- + U, is a

Suppose Uy, ..

direct sum if and only if the only way to write 0 as a sum u; +- - - +uy,,

where each u; is in Uj, is by taking each u; equal to 0. )
~

(Direct sum of two subspaces

Suppose U and W are subspaces of V. Then U + W is a direct sum

ifand only if Un W = {0}.
| yi {0} y










Reminder:
F denotes either R or C.
V denotes a vector space over F.

Fix a positive integer n.

( Definition: list, length W

A list of length n is an ordered collection of n elements (which might
be numbers, other lists, or more abstract entities) separated by
commas (and perhaps surrounded by parentheses).

Example: (6, —4,7) € R>.
Example: (6, —4,7), (5, —9,8) is a list of length 2 of vectors in R>.



Linear Combination

- . . . N\
(Deflnltlon: linear combination
A linear combination of a list vy, ..., v,, of vectors in V is a vector of
the form
aivy + -+ amVm,
where aj,...,a, € F.
\ ! " Y,

Example: In F3,
@ (13,—1,7) is a linear combination of (2,1, —1), (1, —2,4) because
5(2,1,—1) +3(1,-2,4) = (13, —1,7);

@ (13,—1,6) is not a linear combination of (2,1, —1), (1, -2,4)
because there do not exist numbers a;,a, € F such that
ay(2,1,—1) + ap(1,-2,4) = (13, —1,6).



(Definition: span A
The set of all linear combinations of a list of vectors vy,..., v, in V
is called the span of vy, ..., v,, denoted span(vy,...,v,). In other
words,

9 span(vi, ..., vy) ={avi + -+ amvm : a1, ...,an € F}. )

Example: The previous example shows that in F>,
@ (13,-1,7) € span((2,1,-1),(1,-2,4));
@ (13,—-1,6) ¢ span((Z, 1,—1),(1, —2,4)).

( Span is the smallest containing subspace

The span of a list of vectors in V is the smallest subspace of V
containing all the vectors in the list.




Finite-Dimensional Vector Space

( Definition: finite-dimensional vector space

A vector space is called finite-dimensional if the span of some list of
vectors in it is the entire vector space.

Example: F? is finite-dimensional because
F> = span((1,0,0),(0,1,0),(0,0,1)).

( Definition: infinite-dimensional vector space

A vector space is called infinite-dimensional if it is not finite-
dimensional.

Example: F* is infinite-dimensional.






Linear Independence

( Definition: linearly independent \
Alist vi,..., v, of vectors in V is called linearly independent if the
only choice of ay,...,a, € F that makes a;v; + - - - + a,yv,, €qual 0 is
a=---=a,=0.

Examples of linearly independent lists:
@ Alist v of one vector v € V is linearly independent if and only if
v #£ 0.
@ A list of two vectors in V is linearly independent if and only if
neither vector is a scalar multiple of the other.

@ (1,0,0,0),(0,1,0,0),(0,0,1,0) is linearly independent in F*.
@ Thelist 1,x,...,x™ is linearly independent in RR for each
nonnegative integer m.



Linear Dependence

e . )
(Deflnltlon: linearly dependent
@ A list of vectors in V is called linearly dependent if it is not
linearly independent.
@ In other words, a list vy, ..., v,, of vectors in V is linearly
dependent if there exist ay, . .., a, € F, not all 0, such that
S apvi + -+ apv, = 0. )

Examples of linearly dependent lists:
@ (2,3,1),(1,-1,2),(7,3,8) is linearly dependent in F3 because
2(2,3,1) +3(1,-1,2) + (-1)(7,3,8) = (0,0,0).
@ Every list of vectors in V containing the 0 vector is linearly
dependent.
@ |f some vector in a list of vectors in V is a linear combination of the
other vectors, then the list is linearly dependent.



Linear Dependence Lemma

~N

(Linear Dependence Lemma

Suppose vy, ..., v, is a linearly dependent list in V. Then there exists

j€{1,2,...,m} such that the following hold:

@ vj € span(vi,...,Vj—1);

e if the j" term is removed from vy, ..., v,, the span of the
remaining list equals span(vy, ..., vy,).

\_

Example: (2,3,1),(1,-1,2),(7,3,8) is linearly dependent in F>.
@ (7,3,8) Span((Z 3, 1),(1 —1 2))
@ span((2,3,1), ,2)) =span((2,3,1),(1,-1,2),(7,3,8))



Length of Linearly Independent List < Length of Spanning List

(Length of linearly independent list
< length of spanning list

In a finite-dimensional vector space, the length of every linearly
independent list of vectors is less than or equal to the length of

every spanning list of vectors.
E y sp g9 )

Example: The list (1,2,3), (4,5,8),(9,6,7), (—3,2,8) is not linearly
independent in R? because the list (1,0, 0), (0, 1,0), (0,0, 1) spans R>.

Example: The list (1,2,3,-5), (4,5,8,3),(9,6,7, —1) does not span R*

because the list (1,0,0,0), (0, 1,0,0), (0,0, 1 O) (0 0,0, 1) is linearly
independent in R*.









Reminder:
F denotes either R or C.
V denotes a vector space over F.

(Definition: Pu(F) ]
LFor m a nonnegative integer, P,,(F) denotes the set of ponnomiaIsJ

with coefficients in F and degree at most m.

Examples:
@ 2x° — 7x+5 € P3(R).
@ (34 2i)z% 4 4iz+ 9 € Py(C)



Definition of Basis

( Definition: basis \
A basis of V is a list of vectors in V that is linearly independent and
spans V.

Examples of bases:
@ Thelist (1,0,...,0),(0,1,0,...,0),...,(0,...,0,1) is a basis of F",
called the standard basis of F".
@ The list (1,1,0),(0,0,1) is a basis of {(x,x,y) € F*: x,y € F}.
@ Thellist (1,2),(3,5) is a basis of F2.
@ Thelist (1,—1,0),(1,0,—1) is a basis of
{(x,y,2) eF*: x+y+z=0}.
@ Thelist1,z,...,7" is a basis of P, (F).



Non-examples of Bases

@ The list (1,2, —4),(7,-5,6) is linearly independent in F* but is not
a basis of F3 because it does not span F>.

@ Thelist (1,2),(3,5), (4,13) spans F? but is not a basis of F?
because it is not linearly independent.




Why Bases Are Useful

(BaSIS gives unique representation as linear combination

A list vy, ..., v, of vectors in V is a basis of V if and only if every
v € V can be written uniquely in the form

V=aivi + -+ apn,

\where ai,...,a, € F.

Example: Let V = {(x,y,z) € F>: x +y+z=0}.
The list (1,—1,0), (1,0, —1) is a basis of V.
If (x,y,z) € V, then
(x,y,2) = —y(1,—1,0) + (—z)(1,0, —1).



Existence of Bases

~N

(E very spanning list contains a basis

Every spanning list in a vector space can be reduced to a basis of
the vector space.

\_ _J

(oo . . . . )
Basis of finite-dimensional vector space

kEvery finite-dimensional vector space has a basis. )

(E very linearly independent list extends to a basis

Every linearly independent list of vectors in a finite-dimensional

kvector space can be extended to a basis of the vector space.










Review

Reminder:
F denotes either R or C.
V denotes a vector space over F.

( Definition: basis w
LA basis of V is a list of vectors in V that is linearly independent andJ

spans V.

Example: The list (1,0,...,0),(0,1,0,...,0),...,(0,...,0,1) is a basis
of F", called the standard basis of F”".

How should we define the dimension of a vector space?



Basis Length is the Same for All Bases of V

( Basis length does not depend on basis

Uny two bases of a vector space have the same length. J

Proof Suppose B; and B, are two bases of V.

Then By is linearly independent in V and B, spans V, so the length of
B is less than or equal to the length of B,.

Interchanging the roles of B; and B,, we also see that the length of B,
is less than or equal to the length of B;.

Thus the length of B, equals the length of B,, as desired. i




Definition of Dimension

(Definition: dimension, dim V R
@ The dimension of a finite-dimensional vector space is the
length of any basis of the vector space.
@ The dimension of V (if V is finite-dimensional) is denoted by

Examples:
@ dim F" = n because the standard basis of F* has length n.

@ dim P, (F) = m + 1 because the basis 1,z,...,7" of P,,(F) has
length m + 1.



Can Check Just Linear Independence.

( Linearly independent list of the right length is a basis

Suppose V is finite-dimensional. Then every linearly independent
list of vectors in V with length dim V' is a basis of V.

Proof
Suppose dimV =n and vy,...,v, is linearly independent in V.
The list vy, ..., v, can be extended to a basis of V.

However, every basis of V has length n, so in this case the extension is
the trivial one, meaning that no elements are adjoined to vy, ..., v,.

In other words, vy, ..., v, is a basis of V, as desired. i



Example Checking Just Linear Independence

The list (5,7), (4,3) is a basis of F.

Proof

This list of two vectors in F? is linearly independent because neither
vector is a scalar multiple of the other.

Note that F? has dimension 2.

Thus this linearly independent list of length 2 is a basis of F> (we do
not need to bother checking that it spans F?). il




Can Check Just Span

( Spanning list of the right length is a basis

Suppose V is finite-dimensional. Then every spanning list of vectors
in V with length dim V is a basis of V.

Proof
Suppose dimV =nand vy, ..., v, spans V.

The list vy, ..., v, can be reduced to a basis of V.

However, every basis of V has length », so in this case the reduction is
the trivial one, meaning that no elements are deleted from vy,...,v,.

In other words, vy, ..., v, is a basis of V, as desired. i




Dimension of a Sum

( Dimension of a sum \

If Uy and U, are subspaces of a finite-dimensional vector space,
then

dim(U1 -+ Uz) =dim U; + dim U, — dim(U1 N Uz).










F denotes either R or C.

V and W denote vector spaces over F.

(Notation: P(F)

LP(F) is the vector space of all polynomials with coefficients in F. J




Definition of Linear Map

N

(Definition: linear map

A linear map from V to W is a function T: V — W with the following
properties:

@ additivity: T(u +v) = Tu + Tv for all u,v € V;
9 @ homogeneity: T(A\u) = A\(Tu) forall A\ € F and all u € V.




Definition of Linear Map

(Definition: linear map h

A linear map from V to W is a function T: V — W with the following

properties:
@ additivity: T(u; + uz) = Tuy + Tup for all uy, uy € V;
9 @ homogeneity: T(A\u) = A\(Tu) forall A\ € F and all u € V. )

For linear maps, we often use the notation 7u as well as the more
standard functional notation 7'(u).

(Notation: L(V,W) w
tl’he set of all linear maps from V to W is denoted L(V, W). J




Examples of Linear Maps

@ Zero: Define 0 € L(V,W) by Ou =0forallu € V.
@ Identity map: Define I € L(V,V)by Iu =uforallu € V.
e Differentiation: Define D € L(P(R), P(R)) by Dp =p'.

1
@ Integration: Define T € L(P(R),R)) by Tp = / p(x) dx.
0

@ Multiplication by x*: Define T € L(P(R), P(R)) by
(Tp)(x) = ¥*p(x)
for x € R.

@ Backward shift: Define T € L(F>°,F>) by
T(xl,xz,X3, e ) = (XQ,X3, v )
@ From R® to R?: Define T € £(R3,R?) by
T(x,y,z) = (2x —y+ 3z,7x + 5y — 62).



Linear Map Determined By What It Does On a Basis

(Linear maps and basis of domain h

Suppose vy, ..., v, is a basis of V.and wy,...,w, € W. Then there
exists a unique linear map 7: V — W such that

TVj = Wj

foreachj=1,..., n.
k .] ) 7n J

Proof
Define T: V — W by

T(civi+ -+ cuvn) = ciwy + -+ + cywn,

where ¢, ..., c, are arbitrary elements of F. il



Algebraic Operations on £(V, W)

(Definition: addition and scalar multiplication on L(V, W) h

Suppose S, T € L(V,W) and A € F. The sum S + T and the product
AT are the linear maps from V to W defined by

(S+T)(u) =Su+Tu and (AT)(u) = \(Tu)
Q‘or allu e V. )

4 )

L(V,W) is a vector space

With the operations of addition and scalar multiplication as defined

Gbove, L(V,W) is a vector space.

J




Composition of Linear Maps

(r )

Definition: Product of Linear Maps

If 7€ L(U,V)and S € L(V,W), then the product ST € L(U,W) is
defined by
(ST) () = S(Tu)

kforueU. )

fAIgebraic properties of products of linear maps

(*] ASSOCi&tiVity: (Tl Tz)Tg = T](T2T3)
@ Identity: TT =IT =T

@ Distributive Properties:
(Sl aF SQ)T = 5T+ ST and S(Tl + T2) = STy + ST,

\
.




0 Goes to 0 Under a Linear Map

( Linear maps take 0 to 0

LSuppose T is a linear map from V to W. Then 7(0) = 0. J

Proof
By additivity, we have

T(0) = T(0 + 0) = T(0) + T(0).

Add the additive inverse of T(0) to each side of the equation above to
conclude that 0 = 7(0). i










F denotes either R or C.

V and W denote vector spaces over F.




Null Space

( Definition: null space, null T ]

For T € L(V,W), the null space of T, denoted null 7, is the subset of
V consisting of those vectors that 7 maps to 0:

null7 ={u eV :Tu=0}.

@ Suppose T is the zero map from V to W; in other words, Tu = 0 for
everyu € V. Then nullT = V.

@ Suppose ¢ € L(C3,C) is defined by (z1,22,23) = 21 + 222 + 323.
Then null p = {(z1,22,23) € C* : 71 + 225 + 323 = 0}.

@ Suppose D € L(P(R),P(R)) is the differentiation map defined by
Dp = p’. The only functions whose derivative equals the zero
function are the constant functions. Thus the null space of D
equals the set of constant functions.



Injectivity

(The null space is a subspace h

kSuppose T € L(V,W). Then null T is a subspace of V. )

(Definition: injective h

\A function T: V — W is called injective if Tu = Tv implies u = v. )

4T . )
Injectivity is equivalent to null space equals {0}

\Let T € L(V,W). Then T is injective if and only if null 7 = {0}. y




( Definition: range w

For T € L(V,W), the range of T is the subset of W consisting of
those vectors that are of the form 7u for some u € V:

rangeT = {Tu :u € V}.

@ Suppose T is the zero map from V to W; in other words, Tu = 0 for
every u € V. Then range T = {0}.

@ Suppose T € L(R?,R?) is defined by T'(x,y) = (2x,5y,x +y), then
range T = {(2x,5y,x +y) : x,y € R}. A basis of range T is
(2,0,1),(0,5,1).

@ Suppose D € L(P(R),P(R)) is the differentiation map defined by
Dp = p'. Because for every polynomial g € P(R) there exists a
polynomial p € P(R) such that p’ = ¢, the range of D is P(R).



(The range is a subspace h
If T € L(V,W), then range T is a subspace of W.

\_ J

(Definition: surjective R
A function T: V — W is called surjective if its range equals W.

\. J




Fundamental Theorem of Linear Maps

( Fundamental Theorem of Linear Maps \

Suppose V is finite-dimensional and 7 € £(V, W). Then
dim V = dimnull 7 + dim range 7.

Proof
Let uy,...,u, be a basis of null T; thus dimnull T = m.
The linearly independent list uy, ..., u, can be extended to a basis

ULy ooy Uy V]yeewy Vp

of V. Thus dimV = m + n.
To complete the proof, we need only show that dimrange T = n.
We do this by proving that 7vy, ..., Tv, is a basis of range T. i



Consequence of Fundamental Theorem

( A map to a smaller dimensional space is not injective

Suppose V and W are finite-dimensional vector spaces such that
dim V > dim W. Then no linear map from V to W is injective.

Proof Suppose T € L(V,W). Because
dimV = dimnull 7 4 dim range T
and
dimV > dim W
> dimrange T,

we have dimnull T > 0.
Thus T is not injective. il



Consequence of Fundamental Theorem

( A map to a larger dimensional space is not surjective \

Suppose V and W are finite-dimensional vector spaces such that
dim V < dim W. Then no linear map from V to W is surjective.

Proof Suppose T € L(V,W). Because
dim V = dimnull T + dimrange 7,
we have

dimrangeT < dimV
< dim W.

Thus T is not surjective. il



Homogeneous Equations

Fix positive integers m and n, and letA;, e Fforj=1,...,mand
k=1,...,n. Consider the homogeneous system of linear equations

ZAkak =0 . .
p ( Homogeneous system of linear equations W

A homogeneous system of linear equations with more
. variables than equations has nonzero solutions.
ZAm,kxk =0.
k=1

Do there exist solutions other than x; = --- = x,, = 0?
Define T: F" — F™ by

n n
T(xi,...,xy) = (ZAl,kxk, cee ZA’"J‘X")'
k=1 k=1

The equation T'(xy,...,x,) = 0 is the same as the homogeneous
system of linear equations above. Is T injective?
.



Inhomogeneous Equations

Fix positive integers m and n, and letA;, e Fforj=1,...,mand
k=1,...,n. Consider the inhomogeneous system of linear equations

n
ZAkak = ( Inhomogeneous system of linear equationsw
k=1

An inhomogeneous system of linear equations with

" more equations than variables has no solution for
ZAm,kxk = ¢m- | some choice of the constant terms.
k=1

Is there some choice of ¢y, ..., c, € F such that no solution exists?
Define T: F" — F™ by

n n
T(xi,...,xy) = (ZAl,kxk, cee ZA’"J‘X")'
k=1 k=1

The equation T'(xy,...,x,) = (c1,...,cn) is the same as the
inhomogeneous system of linear equations above. Is T surjective?
.












F denotes either R or C.

V and W denote vector spaces over F.




Definition and Notation for Matrix

fDefinition: matrix, A; « h

Let m and n denote positive integers. An m-by-n matrix A is a
rectangular array of elements of F with m rows and n columns:

A1,1 500 A17n
A — . .

Ani ... Amp
Jhe notation A;; denotes the entry in row j, column k of A.

J
The first index refers to the row number and the second index refers to
the column number.

Thus A, 3 refers to the entry in the second row, third column of A.

Example: Suppose A = ( 213 g ; > Then Ay; =17.




Matrix of a Linear Map

N

(Definition: matrix of a linear map, M(T)

Suppose T € L(V,W)and vy,...,v, isabasis of Vand wy,...,wy,
is a basis of W. The matrix of T with respect to these bases is the
m-by-n matrix M(T) whose entries A; are defined by

Tv, = Al,kwl —+ - —I—Am,kwm.

If the bases are not clear from the context, then the notation
\M(T’ (Viy-- oy V), (Wi, ..., wp)) is used.

J




Understanding the Matrix of a Linear Map

Vi veo Vi ... Yy
wi Ay
M(T) = :
Win Amk

The k" column of M(T) consists of the scalars needed to write Tv; as
a linear combination of wy, ..., wy:

m
Tvk: E Aj,ij-
=1

The picture above should remind you that 7v, can be computed from
M(T) by multiplying each entry in the " column by the corresponding
w; from the left column, and then adding up the resulting vectors.



Examples of the Matrix of a Linear Map

Example: Suppose T € L(F?,F?) is defined by
T(x,y) = (x+3y,2x + 5y, 7x + 9y).

Because 7(1,0) = (1,2,7) and T(0, 1) = (3,5,9), the matrix of T with
respect to the standard bases is the 3-by-2 matrix

1 3
M(T)(Z )
7

Example: Suppose D e L(P3(R )) is the differentiation map
defined by Dp = p’. Because (x ) = nx"~!, the matrix of D with respect
to the standard bases of P;(R) and P»(R ) is the 3-by-4 matrix

0100
MD)=[00 20 |.
0003

O W



Addition of Matrices

~N

(Definition: matrix addition

In the following result, the
assumption is that the same
bases are used for M(S + T),
M(S), and M(T).

The sum of two matrices of the same size is
the matrix obtained by adding corresponding
entries in the matrices:

A171 A17n C171 Cl,n
: : + : : The matrix of the sum of
Api oo Apn Cni - Cun linear maps
Ailp+Cip ... Aint+Ciy Suppose S, T € L(V,W). Then
= : e . M(S+T) = M(S) + M(T).
Am,l + Cm,l o Am,n + Cm,n

Qn other words, (A + C)jx = Ajx + Cjx. )




Scalar Multiplication of Matrices

(Definition: scalar multiplication of a matrix h

The product of a scalar and a matrix is the matrix
obtained by multiplying each entry in the matrix by
the scalar:

A171 A]Jl )\A171 )‘AlJl

Ami - Amn Mui o Mupn

Un other words, (M) x = M. )

In the following result, the
assumption is that the same
bases are used for M(AT) and
M(T).

The matrix of a scalar times
a linear map

Suppose A e Fand T € L(V,W).
Then M(AT) = AM(T).




The Vector Space of Matrices

( Notation: F™"

For m and n positive integers, the set of all m-by-n matrices with
entries in F is denoted by F™". )

ﬂlim F™" = mn R

Suppose m and n are positive integers. With addition and scalar mul-
tiplication defined as above, F"" is a vector space with dimension










Motivation for Definition of Matrix Multiplication

Suppose vy, ..., v, is a basis of V
and wy,...,w, is a basis of W. "
Suppose ui, . .., u, is a basis of U. (ST)ur = S(Z Crivr)
r=1
Consider linearmaps 7: U — V ~
andS: V — W. - Z CraSvr
r=1
Does M(ST) equal M(S)M(T)? " ~
=Y A
Suppose M(S) =A and M(T) = C. r=1 J=1
For 1 < k < p, we have => D _AiCri)w;.
j=1 r=1

Thus M(ST) is the m-by-p matrix whose entry in row j, column k, is

> A Crp
r=1



Definition of Matrix Multiplication

~

(Definition: matrix multiplication

Suppose A is an m-by-n matrix and C is an n-by-p matrix. Then AC
is defined to be the m-by-p matrix whose entry in row j, column %, is
given by the following equation:

n
(AC).]7k - ZAj7rCr7k'
\. ! J

Thus the entry in row j, column k, of AC is computed by taking row j of

A and column k of C, multiplying together corresponding entries, and
then summing.

1 2 10 7 4 1
Example: 3 4 < g ? g _31 > =126 19 12 5
5 6 42 31 20 9




Matrices and Products of Linear Maps

In the following result, the same basis of V is used in considering

T e L(U,V)and S € L(V,W), the same basis of W is used in
considering S € £(V,W) and ST € L(U, W), and the same basis of U is
used in considering T € L(U,V) and ST € L(U,W).

( The matrix of the product of linear maps \
Uf T € £(U,V) and S € L(V, W), then M(ST) = M(S)M(T). J

The proof of the result above is the calculation that was done as
motivation before the definition of matrix multiplication.




Notation for Row and Column of Matrix

N

(Notation: Aj. Ak

Suppose A is an m-by-n matrix.
@ If 1 <j < m,then A;. denotes the 1-by-n matrix consisting of
row j of A.

@ If 1 <k <n,then A, denotes the m-by-1 matrix consisting of
\ column kof A. )

8 4 5
1 9 7
column 2 of A. In other words,

Ay.=(19 7) and A.72:<g>.

Example: If A = > then A,.isrow2of Aand A., is



Alternative Ways to Think about Matrix Multiplication

Example: ( 3 4)<g>:(26):26.

(Entry of matrix product equals row times column R
Suppose A is an m-by-n matrix and C is an n-by-p matrix. Then
(AC)jx = Aj. C.x
dorlgjgmandlgkgp. y




Alternative Ways to Think about Matrix Multiplication

(Column of matrix product equals matrix times column

Suppose A is an m-by-n matrix and C is an n-by-p matrix. Then

(AC).,k =AC.
for1 <k <p.
N y
(" : . . N\
Row of matrix product equals row times matrix
Suppose A is an m-by-n matrix and C is an n-by-p matrix. Then
(AC)j. =A;.C
for1 <k <p.
o~ =P Y,




Matrix Times a Column Vector

(Linear combination of columns R
c1

Suppose A is an m-by-n matrix and ¢ = : is an n-by-1 matrix.
Cn

kThen Ac=clA. 1+ - +cA . y

In other words, Ac is a linear combination of the columns of A, with the
scalars that multiply the columns coming from c.

Example:

(133)(2)=()en(d)(3)
-(2)



Row Vector Times a Matrix

( Linear combination of rows \
Supposea = ( a; --- a, )isal-by-n matrixand Cis an n-by-p
matrix. Then

aC=aCy.+- - +a,Cy

oo

In other words, aC is a linear combination of the rows of C, with the
scalars that multiply the rows coming from a.

Example:

(3 —1)<? 3 3):3(8 4 5)+(-D(1 9 7)
=(23 3 8)









F denotes either R or C.

V and W denote vector spaces over F.




Invertible Linear Maps

~

(Definition: invertible

Alinearmap T € L(V, W) is called invertible if there exists a linear
map S € L(W,V) such that ST equals the identity map on V and 7S

\equals the identity map on W. )
(" )

Definition: inverse

Alinear map S € £(W, V) satisfying ST = I and TS = I is called an
inverse of T (note that the first I is the identity map on V and the

second [/ is the identity map on W).

& y map ) )
Gnverse is unique h
kAn invertible linear map has a unique inverse. )




Invertibility

~N

(Notation: T-!

If T is invertible, then its inverse is denoted by 7—'. In other words, if
T € L(V, W) is invertible, then T~! is the unique element of L(W, V)
such that T-'T=land 7T~ ' =1 )

(Invertibility is equivalent to injectivity and surjectivity

kA linear map is invertible if and only if it is injective and surjective. P




Dimension Determines Whether Vector Spaces Are Isomorphic

( Definition: isomorphism, isomorphic w

@ An isomorphismis an invertible linear map.

@ Two vector spaces are called isomorphic if there is an
isomorphism from one vector space onto the other one.

Think of an isomorphism as a relabeling.

( Dimension shows whether vector spaces are isomorphic\

Two finite-dimensional vector spaces over F are isomorphic if and
only if they have the same dimension.




The Dimension of L(V, W)

( L(V,W) and ¥"" are isomorphic

— |

Suppose vy,...,v, is a basis of V and wy,...,w,, is a basis of W.
Then M is an isomorphism between £(V, W) and F™".

( dim £(V, W) = (dim V)(dim W)

|/

Suppose V and W are finite-dimensional. Then £(V, W) is finite-
dimensional and

dim L(V, W) = (dim V)(dim W).

— |




Matrix of a Vector

~

(Definition: matrix of a vector, M (u)

Suppose u € V and vy, ..., v, is a basis of V. The matrix of u with
respect to this basis is the n-by-1 matrix

where ¢y, ..., c, are the scalars such that
U=civy+ -+ cpvp.
\ V1 nVn )

The matrix of (5, 8,2) with respect The matrix of 3 — 7x. + 5x% with respect
to the standard basis of F3 is to the standard basis of P,(R) is

(1) )



Linear Maps Act Like Matrix Multiplication

( Linear maps act like matrix multiplication w

Suppose T € L(V,W) and u € V. Suppose vy, ..., v, is a basis of V
and wy, ..., w, is a basis of W. Then

M(Tu) = M(T)M(u).




( Definition: operator, L(V) w

@ A linear map from a vector space to itself is called an operator.

@ The notation £(V) denotes the set of all operators on V. In
other words, L(V) = L(V, V).




For T € L(V) and dim V < oo, Injectivity <= Surjectivity

(Injectivity is equivalent to surjectivity in finite dimension?

Suppose V is finite-dimensional and 7' € £(V). Then the following
are equivalent:

@ T is invertible;
@ T is injective;
@ T is surjective.

\

Proof The Fundamental Theorem of Linear Maps states that
dimV = dimnull 7 + dimrange 7.

Thus
dimnull7T = 0 <= dimrange T = dim V

or
T is injective <= T is surjective.









F denotes either R or C.

V and W denote vector spaces over F.




Product of Vector Spaces

(Definition: product of vector spaces )
Suppose Vi, ..., V,, are vector spaces over F.
@ The product Vy x --- x V,, is defined by
Vixeoox Vi ={(ur,...;um):u1 €V, ity € Vig}.
@ Additionon V; x --- x V,, is defined by
(ul,...,um) + (W],...,Wm) = (bt] +w1,...,um+wm).
@ Scalar multiplication on V; x --- x V,, is defined by
Augyooytty) = (Aug, ooy Adgy).
N\ ( ( J
(| - )
Product of vector spaces is a vector space
Suppose Vi, ..., V,, are vector spaces over F. Then V; x --- x V,
Qs a vector space over F. )




Example of Product of Vector Spaces

R2 X R3 = {((xbe)a (x37x47x5)) 1X1, X2, X3, X4, X5 € R}
R = {(x1,%2, %3, X4, X5) : X1, %2, %3, X4, %5 € R}
IsR? x R?> =R>? No!

The linear map 7: R? x R? — R° defined by

T((x1,%2), (x3,X4,%5)) = (x1,X2,X3, %4, x5)
is clearly an isomorphism of R? x R? onto R’. Thus these two vector
spaces are isomorphic.




Dimension of a Product

( Dimension of a product is the sum of dimensions

|/

Suppose Vi, ..., V,, are finite-dimensional vector spaces. Then
Vi x --- x V,, is finite-dimensional and

dim(Vy X «+- X V) =dim V) + - - - 4+ dim V,,,.




Products and Direct Sums

~N

(Products and direct sums

Suppose that Uy, ..., U, are subspaces of V. Define a linear map
Fr:vyx---xUy,—=U+---+U,by

D(upy ... um) =uy + -+ tp.

\Then Ui +---+ U, is adirect sum if and only if " is injective.

(A sum is a direct sum if and only if dimensions add up

Suppose V is finite-dimensional and Uy, . .., U,, are subspaces of V.
Then U, + - -- + U, is a direct sum if and only if

dim(U; + -+ -+ Uy) = dim Uy + - - - + dim U,,.

\
.

J










The Sum of a Vector and a Subspace

(Definition: v+ U \

Suppose v € V and U is a subspace of V. Then v + U is the subset
of V defined by

v+U={v+u:uecU}.

Example: Suppose 0, (10,200 (17,20)

U= {(x,2x) € R* : x € R}.

Then U is the line in R? through the
origin with slope 2. Thus

(17,20) + U
is the line in R? that contains the point

U 17,200+ U

(17,20) and has slope 2. 710 17




Affine Subsets

(Definition: affine subset, parallel h
@ An affine subset of V is a subset of V of the form v + U for
some v € V and some subspace U of V.
@ Forv € V and U a subspace of V, the affine subset v + U is
\ said to be paralle/ to U. )

If U = {(x,2x) € R?: x € R}, then all the
lines in R? with slope 2 are parallel to U.

If U = {(x,y,0) € R®: x,y € R}, then
the affine subsets of R parallel to U are
the planes in R? that are parallel to the
xy-plane U in the usual sense.

20t

(10, 20) (17, 20)

U

17,200+ U




Quotient Spaces

( Definition: quotient space, V /U \

Suppose U is a subspace of V. Then the quotient space V/U is the
set of all affine subsets of V parallel to U. In other words,

V/U={v+U:veV}

Examples:
@ If U= {(x,2x) € R? : x € R}, then R?/U is the set of all lines in R?
that have slope 2.
e If Uis aline in R? containing the origin, then R3/U is the set of all
lines in R3 parallel to U.
@ If U is a plane in R? containing the origin, then R3/U is the set of
all planes in R? parallel to U.



Parallel Affine Subsets Are Either Equal or Disjoint

(Two affine subsets parallel to U are equal or disjoint h

Suppose U is a subspace of V and v,w € V. Then the following are
equivalent:

@ v—weU;

b) v+ U=w+U,

\(C) v+U)N(w+U) # 2.




Making a Quotient Space a Vector Space

(Definition: addition and scalar multiplication on V /U A

Suppose U is a subspace of V. Then addition and scalar multiplication
are defined on V /U by

wv+U)+(w+U)=(v+w)+U
Av+U)=(\)+U

\forv,weVand)\eF.

(Quotient space is a vector space

Suppose U is a subspace of V. Then V/U, with the operations of

kaddition and scalar multiplication as defined above, is a vector space.)




\

(Definition: quotient map,

Suppose U is a subspace of V. The quotient map = is the linear
map 7: V — V/U defined by

m(v)=v+U

Qor vevV. )
(- . . )

Dimension of a quotient space

Suppose V is finite-dimensional and U is a subspace of V. Then

dimV/U = dimV — dim U.

\_ / _J
Proof dim V = dim null 7 4+ dim range 7

=dim U + dim V/U



The Induced Map on V/(null T)

(Definition: T A
Suppose T € L(V,W). Define T: V/(null T) — W by
9 T(v+nullT) = Tv. D
- )
(Null space and range of T
Suppose T € L(V,W). Then
(a) T is a linear map from V/(null 7) to W;
(b) T is injective;
(c) rangeT = rangeT;
dd) V/(null T) is isomorphic to range T. p










F denotes either R or C.

V and W denote vector spaces over F.




Linear Functionals

( Definition: linear functional

A linear functional on V is a linear map from V to F. In other words,
a linear functional is an element of L(V,F).

Examples:

@ Define p: R? — R by ¢(x,y,z) = 4x — 5y + 2z. Then ¢ is a linear
functional on R>.

@ Fix (by,...,b,) € C". Define ¢: C" — C by

©(z1, .. yzn) =b1z1 + -+ - + bpzy.

Then ¢ is a linear functional on C”".

@ Define ¢: P(R) — R by ¢(p) = 3p”(5) +7p(4). Then ¢ is a linear
functional on P(R).

@ Define p: P(R) = R by ¢(p) = fol p(x)dx. Then ¢ is a linear
functional on P(R).



The Dual Space and Its Dimension

(Definition: dual space, V' R
The dual space of V, denoted V/, is the vector space of all linear
functionals on V. In other words, V' = L(V,F).

\_ Y,
(dim V' =dimV A
Suppose V is finite-dimensional. Then V' is also finite-dimensional
kand dim V' = dim V. )

Proof

dim V' = dim L(V, F)
= (dim V)(dimF)
=dimV



The Dual Basis

(Definition: dual basis h
If vi,...,v, is a basis of V, then the dual basis of v, ..., v, is the list
v1, ..., of elements of V/, where each ¢; is the linear functional
on V such that
) 1 if k=,
(o) =
VT N0 i k£
\_ Y,
Example: Consider the standard basis ey, . .. , e, g T T\
of F". For 1 <j < n, define ¢; by Dual basis is a basis of
_ the dual space
©i(x1, .., x) = X;
for (xi,...,x,) € F". Clearly e Suppose dimV < oo. Then
1 if k=, . .
vjler) = 0 if Kt the dual basis of a basis of V
]' . . f /.
Thus ¢y, ..., @, is the dual basis of the 52 S J
standard basis e, .. ., e, of F".



The Dual Map

( Definition: dual map, T’

If T € £L(V,W), then the dual map of T is the linear map 7’ €
L(W' V") defined by T'(¢) = p o T for p € W'

Example: Define D: P(R) — P(R) by Dp = p’.
@ Suppose ¢ is the linear functional on P(R) defined by ¢(p) = p(3).
Then D'(yp) is the linear functional on P(R) given by

(D'(¢))(p) = (w0 D)(p) = @(Dp) = ©(p') = p'(3).
Thus D'(¢p) is the linear functional on P(R) that takes p to p’(3).

@ Suppose ¢ is the linear functional on P(R) defined by p(p) = folp
Then D'(yp) is the linear functional on P(R) given by

1
(D'(9))(p) = (9 0 D)(p) = p(Dp) = p(p') = / p' = p(1) —p(0).
Thus D'(¢p) is the linear functional on P(R) that takes p to p(1) — p(0).



Algebraic Properties of Dual Maps

~\

( Algebraic properties of dual maps

@ (S+T)=8+TforalS,TeL(V,W).
@ (A\T)Y =XT"forall e Fandall T € L(V,W).
@ (ST)Y =T1T'S'forall T € L(U,V)andall S € L(V,W).










(Definition: annihilator, U° W

For U c V, the annihilator of U, denoted U°, is defined by
U= {pcV:pu)=0foralluc U}.

Example: {0}° = V" and V° = {0}.
Example: Suppose U = x*P(R) C P(R). Let ¢ be the linear functional
on P(R) defined by o(p) = p’(0). Then ¢ € U°.

( The annihilator is a subspacew ( Dimension of the annihilator w

LSUppose Uc Vv Then 1P s a SUbJ Suppose V is finite-dimensional and

space of V. U is a subspace of V. Then
dim U + dim U° = dim V.




The Null Space and Range of a Dual Map

( The null space and range of T’ h
Suppose V and W are finite-dimensional and T € £(V, W). Then
@ null 7’ = (rangeT)";
° T' = (null T)°.
range (null 7) y
( T surjective is equivalent to T' injective h
Suppose V and W are finite-dimensional and 7 € £(V, W). Then
@ T is surjective if and only if 77 is injective;
@ T is injective if and only if T’ is surjective. P




dimrange T’ = dimrange T

(dim range T’ = dimrange T w

Suppose V and W are finite-dimensional and T € £(V, W). Then

dimrange T" = dimrange 7.

Proof

dimrange 7" = dim W — dim null 7’
= dim W — dim(range T)°

= dimrange T




The Transpose of a Matrix

N

(Definition: transpose, A'

The transpose of a matrix A, denoted A', is the matrix obtained from
A by interchanging the rows and columns. More specifically, if A
is an m-by-n matrix, then A' is the n-by-m matrix whose entries are
given by the equation

G

(At)k,/' = Ajk- )

( 5 7) ( The transpose of a producq
Example: IfA={( 3 8 |,

-4 2 If A is an m-by-n matrix and C is
. 5 3 -4 an n-by-p matrix, then
then A= ( -7 8 2 ) (Ac)t — CtAt.




The Matrix of the Dual of a Linear Map

( The matrix of T' is the transpose of the matrix of T

M(T') = (M(T))".

LSuppose V and W are finite-dimensional and T € L(V, W). Then J




Row Rank and Column Rank

~

(Definition: row rank, column rank

Suppose A is an m-by-n matrix with entries in F.
@ The row rank of A is the dimension of the span of the rows of A

in Fl.n,
@ The column rank of A is the dimension of the span of the
S columns of A in F™»!, )
Example: .
4 7 1 8 The column rank of A is the
Suppose A = < 35 2 9 > The dimension of

row rank of A is the dimension of Smn(( 4 ) ( 7 ) < 1 ) < 8 ))
3 )J°\V5 )02 )7\ 9
span((4 7 1 8),(3 52 9))
in F~!. Thus the column rank
in F1*. Thus the row rank of A is 2. of Ais 2.



Column Rank Equals Dimension of Range

( Dimension of range T equals column rank of M(T)

LSuppose V and W are finite-dimensional and 7' € L(V, W). ThenJ

dim range T equals the column rank of M(T).




Row Rank Equals Column Rank

( Row rank equals column rank \

LSuppose A € F™". Then the row rank of A equals the column rankJ
of A.

Proof Define T: F»! — F™! by Tx = Ax. Thus M(T) = A (with respect
to standard bases). Now

column rank of A = column rank of M(T)

= dimrange T
8 ( Definition: rank w

= dimrange T’

= column rank of M(T’) | The rankof a matrix A € F""
— column rank of A is the column rank of A.

= row rank of A.










F denotes either R or C.




Real Part, Imaginary Part

( Definition: Rez, Im z ]

Suppose z = a + bi, where a and b are real numbers.
@ The real part of z, denoted Rez, is defined by Rez = a.
@ The imaginary part of z, denoted Im z, is defined by Im z = b.

Thus for every complex number z, we have
z=Rez+ (Imz)i.

Example: Suppose z = 3 + 2i. Then
Rez=3 and Imz=2.



Complex Conjugate, Absolute Value

(Definition: complex conjugate, 7, absolute value, || b
Suppose z € C.
@ The complex conjugate of z € C, denoted z, is defined by
Z =Rez— (Imz)i.
@ The absolute value of a complex number z, denoted |z], is
defined by
Izl =1/ (Rez)? + (Imz)?.
L v )

Example: Suppose z = 3 + 2i. Then
@ z=3-2i

o |o| =371 22 = VI3,
.



Properties of Complex Conjugation and Absolute Value

(Properties of complex numbers

Suppose w, z € C. Then
2+z= 2Rez;

® 6 6 6 6 ¢

T
+
IN
Il
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>
o
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Al

|Rez! <zl and |Imz| < [¢] z
® |z = lzf;
© |wz| = |wl|zf; Y
@ Triangle Inequality: "tz
W+ 2] < |w] +[z].

\ J
.




Zero Polynomials

\

(Definition: polynomial, P(F)

(If a polynomial is the zero func)

@ Afunctionp: F — F is called a g . s
p tion, then all its coefficients are 0

polynomial with coefficients in F if

me:e exist ag, . ..,a, € F such SUppose a, . . ., an € F. If
a
2 m ap+aiz+--+an?" =0
p(z) =ap+aiz+az” + - +anz f o 0
oreveryze F,thenay=---=a, =0.
forallz € F. \_ Y Y,

@ P(F) is the set of all polynomials
_ with coefficients in F. )




Division Algorithm for Polynomials

~\

(Division Algorithm for Polynomials

Suppose that p,s € P(F), with s # 0. Then there exist unique
polynomials ¢, r € P(F) such that

p=sq+r

\and degr < degs.




Zeros of Polynomials

( Definition: zero of a polynomiam (Each zero of a polynomial cor)
responds to a degree-1 factor

A number X € F is called a zero (or

roof) of a polynomial p € P(F) if Suppose p € P(F) and X € F. Then
p(\) = 0. p(A) = 0 if and only if there is a

polynomial g € P(F) such that

p(2) = (2= N)q(z)

for every z € F.
$ y

( A polynomial has at most as many zeros as its degree w

Suppose p € P(F) is a polynomial with degree m > 0. Then p has
at most m distinct zeros in F.







Fundamental Theorem of Algebra

~N

(Fundamental Theorem of Algebra

\Every nonconstant polynomial with complex coefficients has a zero.j

(Factorization of a polynomial over C h

If p € P(C) is a nonconstant polynomial, then p has a unique
factorization (except for the order of the factors) of the form

p(2) =clz— A1) (2= Am),

kwhere C, A, .., A € C.




Complex Zeros of Polynomials with Real Coefficients

( Polynomials with real coefficients have zeros in pairs w

a zero of p, then so is A.

LSupposep € P(C) is a polynomial with real coefficients. If A € C isJ




Factorization of Polynomials over R

~\

fFactorization of a quadratic polynomial

Suppose b, ¢ € R. Then there is a polynomial factorization of the form
P Abx+c=(x—A)x—X\)
Gvith A1, A2 € Riif and only if b? > 4c.

_J

(Factorization of a polynomial over R A

Suppose p € P(R) is a nonconstant polynomial. Then p has a unique
factorization (except for the order of the factors) of the form

px) =clx— A1) (x = M)+ brx +cr1) - (8 + byx + ey),
\where ¢ AL s Amy b1y buset, . en € R, with b < 4c; for eachj.)










@ F denotes either R or C.
@ V denotes a vector space over F.

@ operator = linear map from a vector space to itself

@ L(V)=L(V,V)




Invariant Subspace

Suppose T € L(V). We will try to investigate T by decomposing V as
V=U® - & Uy,

and then looking at each T]Uj. However, to use results about operators,
we need for T'|y; to map U; into itself.

(Definition: invariant subspace h

Suppose T € L(V). A subspace U of V is called invariant under T if

% € U implies Tu € U. )
Example: Each of these subspaces of V is invariant under 7 € L(V):
o {0}; Example: Suppose that T € £(P(R)) is defined by
oV Tp = p’. Then P4(R) is invariant under T because
@ nullT; if p € P(R) has degree at most 4, then p’ also has
o rangeT. degree at most 4.



Invariant Subspaces of Dimension 1

Suppose v € Vand v # 0. Let -
U={\:\eF}=span(v). (Definition: eigenvalue w
Then U is a one-dimensional subspace of V.
U is invariant under T if and only if
Tv = \v

Suppose T € L(V). Anumber A € F is
called an eigenvalue of T if there exists
v € Vsuchthatv # 0and Tv = Av.

for some A € F.

(Equivalent conditions to be an eigenvalue h

Suppose V is finite-dimensional, T € L(V), and A € F. Then the
following are equivalent:

@ )\ is an eigenvalue of T;

@ T — M is not injective;

@ T — Ml is not surjective;
_ © T — M is not invertible.




An Operator with No Eigenvalues

Example: Suppose T € £(R?) is defined by

T(x,y) = (_yax)'
T is a counterclockwise rotation by 90° about the origin in R2.
An operator has an eigenvalue if and only if there exists a nonzero

vector in its domain that gets sent by the operator to a scalar multiple
of itself.

A 90° counterclockwise rotation of a nonzero vector in R? obviously
never equals a scalar multiple of itself.

Conclusion: T has no eigenvalues.




Complex Eigenvalues

Example: Suppose T € £(C?) is defined by
T(w,z) = (—z,w).

Then
T(1,—i) = (i, 1)
=i(1,—i).

Thus i is an eigenvalue of T.

Also
T(1,i) = (—i,1)
= —i(1,i).
Thus —i is an eigenvalue of T.



( Definition: eigenvector

Suppose T € £L(V) and X € F is an eigenvalue of 7. A vectorv € V
is called an eigenvector of T corresponding to A if v # 0 and Tv = Av.

Example:
If T € £(C?) is defined by T(w,z) = (—z,w), then (1, —i) is an
eigenvector corresponding to the eigenvalue i because

T(1,—i) = i(1, —i).

If b € C and b # 0, then (b, —bi) is also an eigenvector corresponding
to the eigenvalue i because

(b, —bi) = i(b, —bi).



Linearly Independent Eigenvectors

(Linearly independent h
eigenvectors
Let T € L(V). Suppose Ay, ..., \, are
distinct eigenvalues of T and vy, ..., v,
are corresponding eigenvectors. Then
\vl, ..., vy is linearly independent. )

Proof Suppose vi,...,v, is linearly de-
pendent. Let k be the smallest positive
integer such that

vk € span(vy, ..., Vk—1).

Thus there exist ay, ...,a;_; € F such that

Vi =aivy + -+ + Qg—1Vi—1-

Apply T to both sides of this equation, get-
ting
AVk = @i\t - a1 Ae—1Vi—1-

Multiply both sides of the first equation by
Ar and then subtract the equation above,
getting

0=ar(M=A)vi+- - Fak—1 (A—Me—1)vk—1-

However, vy, ..., v is linearly indepen-
dent. Thus all the a’s are 0. However,
this means that v, equals 0, contradicting
our hypothesis that v, is an eigenvector.
Therefore our assumption that vy,..., v,
is linearly dependent was false. il



Number of Eigenvalues

( Number of eigenvalues \

Suppose V is finite-dimensional. Then each operator on V has at
most dim V distinct eigenvalues.

Proof LetT € L(V). Suppose A, ..., A\, are distinct eigenvalues of T.
Letvy,...,v, be corresponding eigenvectors. Then the list vy, ..., v, is
linearly independent. Thus m < dim V, as desired. il










@ F denotes either R or C.
@ V denotes a vector space over F.

@ operator = linear map from a vector space to itself

@ L(V)=L(V,V)




Powers of an Operator

( Definition: T h

) — Example: T3 = TTT
Suppose T € L(V) and m is a positive

integer. If T € £(V), then
@ 7™ is defined by T — Tm+n and (Tm)n _ Tmn7
™= U where m and n are allowed to be
m times arbitrary integers if T is invertible
o 7Y is defined to be the identity and nonnegative integers if T is not
operator I on V. invertible.

@ If T is invertible with inverse 7!,
then 7= is defined by

T = (T"HY".
\ T J




Polynomials Applied to an Operator

o )
( Definition: p(T) Example: Suppose D € £L(P(R))
: is the differentiation operator
Suppose T’ € L(V) and p € P(F) is a defined by Dg = ¢’ and p is
polynomial given by the polynomial defined by
p(z) = ao + a1z + ax® + -+ + apd" p(x) =7 — 3x + 56
for z € F. Then p(T) is the operator Then
defined by )
) . p(D) =71 —3D+5D%;
T) =apl T T°4--- mIT™.
G sltalval s hal™) thus

(p(D))g =T19-34'+54"

: _ 3 _ 73
Example: If p(z) = z°, then p(T) = T~. for every ¢ € P(R).



Algebraic Properties of p(T)

(p — p(T) is linear )
Thus

Fix T'c L(V). The function from P(F) p(T)g(T) = (T + 21)(T + 31)
kto L(V) given by p — p(T) is linear. y sl

= T).
( Multiplicativity ) (pq)(T)

Suppose T € L(V) and p,q € P(F). (Commutativity w
| Then (po)(7) = p(T)a(7). ) LSuppose T € £(V) and p,q € P(F)J
Example: Suppose p(z) = z+2, q() = z+ 3. \nenP1a(T) = a(T)p(T)-

Then Proof p(T)gq(T) = (pg)(T

(pq)(z) = 2° + 5z +6.

We have p(T) =T + 21, q(T) = T + 31, and
(pq)(T) = T> + 5T + 61. =q(T)p(T)



Existence of Eigenvalues

(0perators on complex Vector\ This result is false on real vector spaces.

spaces have an eigenvalue Example: Define T € L(R?) by
T(X,y) = (_ya-x)'

Every operator on a finite-

dimensional, nonzero, complex Then T has no eigenvalues.
vector space has an eigenvalue. _ _ o _
\_ J This result is false on infinite-dimensional

complex vector spaces.
Example: Define T € L(P(C)) by

(Tp)(z) = zp(2).

Then T has no eigenvalues.




Existence of Eigenvalues

(Operators on complex vectop

spaces have an eigenvalue

Every operator on a finite-
dimensional, nonzero, complex

kvector space has an eigenvalue. )

Proof Suppose V is a complex vector space
with dimensionn > 0and T € L(V). Choose
ve Vwithv#0. Then

vIv, T, ..., T"

is not linearly independent, because V has
dimension n and we have a list of length
n + 1. Thus there exist complex numbers
ao, . .. ,ay, not all 0, such that

0 = apv+a1Tv+- - +a, T"v.
Note that a4, ...,a, cannot all be 0, be-
cause otherwise the equation above would
become 0 = agyv, which would force ag
also to be 0.
Make the d’s the coefficients of a polyno-
mial, which has a factorization
aotaizt- - +apd" = c(z=A\i) - (2= ),
where c is a nonzero complex number
and each ); is in C. We then have
O0=apyv+aTv+---+a,T"
= (aol + a;T + -+ -+ a, T")v
=c(T—=MI)-- (T — Apd)v.
Thus T — A1 is not injective for at least
one j. Hence T has an eigenvalue. i









(Definition: matrix of an operator, M(T) h

Suppose T € L(V) and vy,...,v, is a basis of
V. The matrix of T with respect to this basis
is the n-by-n matrix

Al o Al
M =| :
An1 ... Ay
whose entries A are defined by

Tvi =Arpvi + -+ Anivp.
If the basis is not clear from the context, then

Qhe notation M(T, (vi,...,v,)) is used.

The Matrix of an Operator

Suppose T € L(V), then
@ M(T) is computed using
just one basis;
@ M(T) is a square matrix.

Example: Define T € £(R?) by
T(x,y,z) = (2x+y, 5y+3z, 82).

Then

with respect to the standard
basis of R3.

oo W O

1
5
0



Upper-Triangular Matrices

N\ fConditions for upper)

(o o .
Definition: diagonal of matrix triangular matrix

The diagonal of a square matrix
consists of the entries along the
line from the upper left corner to

Suppose T € L(V) and vy,...,v,
is a basis of V. Then the following
are equivalent:

Example:

2 the bottom right corner. ) _
( 0 ; g ) \_ J @ the matrix of T with respect
— - tovi,...,v, is upper

matrix @ Tv; € span(vy,...,v;) for
A matrix is called upper triangular eachj=1,...,n;
if all the entries below the diago- @ span(vi,...,V;) is invariant
nal equal 0.

N q y gidler T fo’; each

9 Jj=1...,n )




Over C, Every Operator has Upper-Triangular Matrix

(0ver C, every operator has an upper-triangulal)
matrix

Suppose V is a finite-dimensional complex vector space
and T € L£(V). Then T has an upper-triangular matrix with
respect to some basis of V.

\_ J
A *
A2
M(T) =
0 An
The first basis vector v; must be an eigenvector of T with

eigenvalue \;.



Eigenvalues Along the Diagonal

(Determination of eigenvalues from\

upper-triangular matrix

Suppose T € L(V) has an upper-triangular
matrix with respect to some basis of V. Then
the eigenvalues of T are precisely the entries

on the diagonal of that upper-triangular matrix.

N\ J

Example: Define T € L(R?) by
T(x,y,z) = (2x+y, 5y+3z,8z).

Then

with respect to the standard

basis of R3.

Thus the eigenvalues of T are
2,5, and 8.

1
5
0

oo W O









Diagonal Matrices

( Definition: diagonal matrix

A diagonal matrix is a square matrix that is 0 everywhere except
possibly along the diagonal.

E le: g (5) 8 If an operator has a diagonal
xample: 00 5 matrix with respect to some
basis, then the entries along the
is a diagonal matrix

diagonal are precisely the

Every diagonal matrix eigenvalues of the operator.

is upper triangular.



(Definition: eigenspace, E(\,T) h
Example: Suppose the matrix of an
Suppose T € L(V) and A € F. The operator T € L(V) with respect to a
eigenspace of T corresponding to A, basis vi, v2, v; of V is the matrix
denoted E(\, T), is defined by g 0 0
E(N\,T) = null(T — XI). 050 |.
~ o ( 005 )

venull(T — ) < Tv = A Then
Thus E(\, T) is the set of eigenvectors of T
corresponding to ), along with the 0 vector. ~ E(8,T) = span(vy), E(5,T) = span(vz, v3).

ForT € £(V)and A € F, the

eigenspace E(\, T) is a subspace of V. If A is an eigenvalue of an operator
T € L(V), then T restricted to E(\, T)

As an eigenvalue of T if is the operator of multiplication by .

and only if E(A\,T) # {0}.



Sum of Eigenspaces

~N

(Sum of eigenspaces is a direct sum

Suppose V is finite-dimensional and T € £(V). Suppose also that
AL, ..., Ay are distinct eigenvalues of 7. Then

EM,T)+ -+ EMn,T)
is a direct sum. Furthermore,
dimE(\,T) + -+ + dim E(\,, T) < dim V. §

\

Toshow that E(A\;, T)+---+E(My,T)  Because eigenvectors corresponding to
distinct eigenvalues are linearly indepen-

U+ A+ ty =0, _?_ﬁnt, thils imﬁlies (that e)ach uj eqzjals 0)
o is implies that E(\,T) +--- + E(A\, T
where each ; is in E(Y;, T). is a direct sum, as desired.

Proof
is a direct sum, suppose



Diagonalizable Operators

( Definition: diagonalizable \

An operator T € L(V) is called diagonalizable if the operator has a
diagonal matrix with respect to some basis of V.

Example: Define T € £(R?) by However, T is diagonalizable, because
T(x,y) = (41x + Ty, —20x + 74y). the matrix of T with respect to the ba-

_ _ sis (1,4),(7,5) is
The matrix of T with respect to the stan-

dard basis of R? is < 609 406 ) 7
41 7
—20 74 )’ as you should verify.

which is not a diagonal matrix.



Diagonalizability

~N

(Conditions equivalent to diagonalizability

Suppose V is finite-dimensional and 7T € L(V). Let Aj,..., A\, de-
note the distinct eigenvalues of 7. Then the following are equivalent:

@ T is diagonalizable;
@ V has a basis consisting of eigenvectors of T;

@ there exist 1-dimensional subspaces Uy, ..., U, of V, each
invariant under 7, such that

V=U & - & Uy
@ V=EM\,T)® - ®En,T);
@ dimV =dimE\,T) + -+ dimE(\,, T).




Not Every Operator is Diagonalizable

Define T € £(C?) defined by
T(w,z) = (z,0).

Then 0 is the only eigenvalue of T and furthermore
E(0,T) = {(w,0) € C*:w € C}.

Thus T is not diagonalizable.




Enough Eigenvalues Implies Diagonalizability

( Enough eigenvalues implies diagonalizability \

uf T € L£(V) has dim V distinct eigenvalues, then T is diagonalizabIeJ

Proof Suppose T € L(V) has distinct A linearly independent list of n vectors
eigenvalues Aq, ..., \,, where in V is a basis of V; thus

n=dimV. Viyes. sV

For each j, let v; € V be an . .

eigenvector corresponding to the is a basis of V. _ o
eigenvalue \;. Wlth respect to this basis gonsnstmg
Because eigenvectors corresponding of eigenvectors, T has a diagonal

to distinct eigenvalues are linearly matrix. i

independent, vy, ..., v, is linearly

independent.












@ F denotes either R or C.

@ V denotes a vector space over F.




Dot Product on R”

(xy> x5)
y 2 This vector
z x has length
| VX124 x2.
For x = (x1,...,x,) € R", define the norm
of x by [[x]| = vV/x1%2 + - + x,%.
\

(Definition: dot product

denoted x - y, is defined by
Xy =X1y1+ -+ XpYn,

kwherex: (x1,...,xp) @andy = (y1,. ..

For x,y € R", the dot product of x and y,

,yn)-)

x-x = ||x||* for all x € R™.

The dot product on R” has the
following properties:

@ x-x>0forall x € R
@ x-x=0ifand only if x = 0;
@ fory € R" fixed, the map

from R" to R that sends
x e R"tox-yislinear;

@ x-y=y-xforallx,y e R".




Complex Complication

Recall that if A = a + bi, where a,b € R, then
@ the absolute value of \, denoted |\|, is defined by |\| = Va2 + bZ;
@ the complex conjugate of )\, denoted ), is defined by A = a — bi;
@ |)\? =\

Forz= (z1,...,z:) € C", define the norm of z by

el = /et P+ + Janl

This suggests that the inner product of w = (wy,...,w,) € C"* with z
should equal
WiZi + -+ WiZy.



Inner Product

N

(Definition: inner product

An inner product on V is a function that takes each
ordered pair (u,v) of elements of V to a number
(u,v) € F and has the following properties:

positivity (v,v) >0forallveV,
definiteness (v,v) =0ifand only if v =
additivity in first slot (u+v,w) = (u,w) + (v, w) for all u,v,w e V;
{
{

homogeneity in first slot Au, > Xu,v) forall A € F and all u,v € V;

u,v) = (v,u) forall u,v € V.

conjugate symmetry




Examples of Inner Products

@ The Euclidean inner product on F" is defined by

(Wi oo ywn), (21 20)) =WZL+ -+ + WiZn.
@ Ifcy,...,c, are positive numbers, then an inner product can be
defined on F” by
(Wi swn)s (215 -+ 5 20)) = CIWIZE + - + CaWiZar-

@ An inner product can be defined on the vector space of
continuous real-valued functions on the interval [—1, 1] by

1
(f.g) = / () .

@ An inner product can be defined on P(R) by

p,q) = /Ooop(x)q(x)e‘x dx.



Inner Product Spaces

(Definition: inner product space - ~
: Properties of an inner product
An inner product space is a vector
space V along with an inner product @ For each fixed u € V, the function
\on V. ) that takes v to (v, u) is a linear
map from V to F.
V% - ~N @ (0,u) =0 forevery u € V.
Notation: V @ (u,0) =0 forevery u e V.
Until further notice in these videos, V ® (u,v+w) = (u,v) + (u,w) for all
\denotes an inner product space over F.) u,v,w e V.
@ (u, \v) = Mu,v) forall A € F and
\ u,vev. y










Norms

( Definition: norm, ||v|| w ( Basic properties of the norm w
For v € V, the norm of v, denoted ||v||, Suppose v € V.
is defined by @ |lv|| =0ifand only if v = 0.
VIl = /v, ). o ||Av]| = |A|[lv] forall A € F.
@ If (z1,...,2,) € F", then Proof:Suppose A € F. Then
1ozl =yl 4+ -+ [zl ]2 = Ow, )
@ In the vector space of continuous = Ay, Av)
real-valued functions on [—1, 1] with = M\\(v,v)
inner product (f,¢) = [, f(x)g(x) dx, — AP
we have

1 5 Taking square roots now gives the desired
=1/ [ ()7 as equality. B




Orthogonality

( Definition: orthogonal

t’wo vectors u,v € V are called orthogonal
[

if (u,v) =0.

J

( Orthogonality and 0

~

@ 0 is orthogonal to every vector in V.

@ 0 is the only vector in V that is
orthogonal to itself.

( Pythagorean Theorem w

Suppose u and v are orthogonal
vectors in V. Then

e+ v[I* = flul® + [Iv]>.
Proof
Hu—i—sz (u+v,u+v)
- <l/t, Lt> + <M,V> + <v,u> + <V,V>
= Jlul* + Il







Cauchy—Schwarz Inequality

\

fCauchy—Sch warz Inequality

Suppose u,v € V. Then
[ (e, v < el [Iv]]-

This inequality is an equality if and only if one of u,v is a scalar

kmultiple of the other.

Examples:
@ Ifxy,..., x5, ¥1,...,y, € R, then

iyt 4yl < 0+ D)0+ )
@ If f, g are continuous real-valued functions on [—1, 1], then

‘/_11f(x)g(x) dx‘2 < </_11(f(x))2dx) </_11 (g(x))zdx).

J




Triangle Inequality

(Triangle Inequality

N

Suppose u,v € V. Then

kof the other.

e vl < el + [v]I-

This inequality is an equality if and only
if one of u, v is a nonnegative multiple

J

u+v

Proof

e+ vI|* =

(u+v,u+v)
= (u,u) + (v,v) + (u,v) + (v,u)
= (u,u) + (v,v) + (u,v) + {u,v)
= [lull® + [VII* + 2 Re(u, v)

< Jadll® + (VI + 2/, )|

< Jall® 4+ V11 4 2/l (1]

(llull + [Iv[1)?




Parallelogram Equality

( Parallelogram Equality w
Proof
Suppose u,v € V. Then : o+ v))* + [Ju — v||2
it w2+ [l = vI? = 2(][eel® + [Iv]]%)- = (u+v,u+v)+ (w—v,u—v)

= adll® + 11 + G, v) + (v, u)
+ lull? + VP = Gy v) = (v, )
= 2(Juel® + [IvII*)










@ F denotes either R or C.

@ V denotes an inner product space over F.




Orthonormal Lists

(D

efinition: orthonormal )

@ Alist of vectors in V is called
orthonormal if each vector in
the list has norm 1 and is
orthogonal to all the other
vectors in the list.

@ In other words, alist ey, ..., e,
of vectors in V is orthonormal if

ey 41 =k
ej,er) = )
PR TN 0 i £k

Examples:

@ The standard basis in F” is an
orthonormal list.

1 1 1 1 1
° (57 ) (75 700)
orthonormal list in F3.

is an

1 1 1 1 1 1 1 2
° (57w 7Y (5 7o %)
is an orthonormal list in F3.




Orthonormal Linear Combinations

(The norm of an orthonormal Iinear\
combination

If e, ..., ey is an orthonormal list of vectors
in V, then

later + - + amem|* = |ar1|* + -+ + |am|?

dorallal,...,ameF. )
Proof Pythagorean Theorem

Orthonormal list is linearly
independent

Every orthonormal list of vectors
is linearly independent.

Proof Suppose eq,...,e, iS an or-
thonormal list of vectors in V and
ai,...,a, € F are such that

ajer + -+ ape, = 0.

Then |ai|? + - - + |an|* = 0, which
means that all the g;’s are 0. Thus
er,...,ey is linearly independent.
i



Orthonormal Bases

(Definition: orthonormal basis\

An orthonormal basis of V is an
orthonormal list of vectors in vV
\that is also a basis of V. )

(An orthonormal list of th;

right length is an orthonor-
mal basis

Every orthonormal list of vectors
in V with length dim V is an or-

Qhonormal basis of V. )

Example:

N[—
N[—
N[—
SN—

)

N[—

) (=

N—

1 1 1 1 1 1 1 1 1 1 1
(302:202): (3030 =2 —2)s (3: =3~ 2
is an orthonormal basis of F*.

(Writing a vector as linear combination oP
orthonormal basis

Suppose ey, ..., e, is an orthonormal basis of V
andv € V. Then

V= <V,€1>€1 +-+ <V, en>en

and
2 2 2
V|| = |(v,e + -+ [(v,e .
L P = I{v,e)] (0] )
Proof There exist scalars ay, ..., a, such that

v =aje; + - - - + aye,. Take inner product with e;.



Gram—-Schmidt Procedure

Jj=2,...,m, define ¢; inductively by

in V such that

span(vy, ..., vj) = span(ej,...,e;)

forj=1,...,m.
__’ "

(Gram—Schmidt Procedure h
Suppose vy,...,v, is a linearly independent
list of vectors in V. Let ey = v;/|vi]. For

o VT Upener = = (v, ¢-1)ej-1
T v = (i er)er — -+ = (v, ei-1)ej1l
Then ey, ..., e, is an orthonormal list of vectors

Example:
Suppose V = P,(R), where the
inner product is given by

1
(.q) = / (3)a(x)d.

Applying the Gram—Schmidt
Procedure to the basis 1, x, x>
produces the orthonormal basis



Orthonormal Bases

~

( Existence of orthonormal basis w (Orthonormal list extends to
j orthonormal basis

Every finite-dimensional inner produc
space has an orthonormal basis.

Suppose V is finite-dimensional. Then
every orthonormal list of vectors in V

Choose a basis of V. Apply the Gram—  basis of V.

Schmidt Procedure to it, producing an
orthonormal list with length dim V. This
orthonormal list is an orthonormal basis

J

of V. 1




Upper-Triangular Matrices

\

(Schur’s Theorem

Suppose V is a finite-dimensional com-

Apply the Gram—Schmidt Procedure to
plex vector space and T € L(V). Then PPY

) C Vi, .., Vs, producing an orthonormal ba-
T has an upper-triangular matrix with Sis e e of V
. YN .
\respect to some orthonormal basis of V) Because
Proof T has an upper-triangular matrix span(ey, ..., e;) = span(vi, ..., vj)
with respect to some basis vy,...,v, of V: for each j, we conclude that
* * span(er,...,e;) is invariant under T
M(T) = . foreachj = 1,...,n. Thus T has an
0 » upper-triangular matrix with respect to
the orthonormal basis ey, ..., ¢,. i1

Thus span(vy, ..., v;) is invariant under T
foreachj=1,...,n.



Linear Functionals

N

( Definition: linear functional w

(Riesz Representation Theorem

A linear functional on V is a linear map
from V to F. In other words, a linear
functional is an element of L(V,F).

Suppose V is finite-dimensional and ¢
is a linear functional on V. Then there
is a unique vector u € V such that

Example: Suppose u € V. Define p(w) = (w,u)
: f .
p:V—>Fby B koreveryweV )
p(w) = (w,u).

Proof Lete,...,e, be an

is ali ional on V. .
Then ¢ is a linear functional on V. orthonormal basis of V. Then

u=(er)er + -+ plen)en.









@ F denotes either R or C.

@ V denotes an inner product space over F.




Orthogonal Complements

(Definition: orthogonal complement, U L) (Basic properties of A
: orthogonal complement
If U is a subset of V, then the orthogonal
complement of U, denoted U+, is the set of @ If U is a subset of V, then U~ is
all vectors in V that are orthogonal to every a subspace of V.
vector in U: o {0}t =V
\UL:{veV:(v,u>:0foreveryu€U}.J o VL — {0}
@ If U is a subset of V, then
@ If U is a line in R? containing the origin, Unut c {0}
then U* is the plane containing the A i g e sulbsEts
origin that is perpendicular to U. L and U Cc W, then Wt c UL, )

@ If U is a plane in R? containing the
origin, then U+ is the line containing
the origin that is perpendicular to U.



(Direct sum of a subspace and itQ (Dimension of the o,,hogonaP
orthogonal complement complement
Suppose U is a finite-dimensional sub- Suppose V is finite-dimensional and U
space of V. Then is a subspace of V. Then
L V=UesU". J U dmU'=dmV-dmu. )
Proof Suppose v € V. Letey,..., e, be an ~ ~
orthonormal basis of U. Let The orthogonal complement of
u=(v,e)er + -+ (v, em)em. the orthogonal complement
Then (v —u,ej) = (v,¢j) — (u,¢;) = 0 for Suppose U is a finite-dimensional sub-
j=1,...,m. ThUSV—MGUL. Now SpaceofV_Then
v=u+(v—u), U= (U
\_ o J

showing thatv € U+U*. Thus V = U+U"*.



Orthogonal Projection

(Definition: orthogonal projection, PU\ (Properties of the orthogonaI\
: — : projection P
Suppose U is a finite-dimensional sub-
space of V. The orthogonal projection of V Suppose U is a finite-dimensional
onto U is the operator Py € £(V) defined subspace of V. Then
as follows: ' @ PyeL(V);
Forv € V,iertev =u-+w,whereu e U o Pyu = uforevery u e U;
andw € U+. Then Pyv = u.
- J @ Pyw =0 forevery w e UL;
If ey,..., e, is an orthonormal basis of U, o enige iy = 0
1 o
PUV _ <V, €1>e1 4t <V,€m>€m. Qv— PUV e U for everyv e V;
® Py’ = Py;
@ ||Pyv|| < |lv|| for every v e V.

J
.










Minimization Problems

Given a subspace U of V and a point
v € V, find a point u € U such that
|lv — ul| is as small as possible.

(Minimizing the distance to a A
subspace

Suppose U is a finite-dimensional sub-
space of Vand v € V. Then

lv—Pyv| < ||v—ul.
foralluc U Proof Suppose u € U. Then
k -
v —Pyv||* < ||v = Pyv||* + ||[Pyv — ul?
= (v = Pyv) + (Pyv — u)||?

= ||v —ull*.
.

0

Pyv is the closest point in U to v.




Example Minimization Problem

Find u € Ps(R) that approximates sin x

. _ where ey, ..., eq is an orthonormal basis
as well as possible on the interval of U.
[—m, ], in the sense that Find e1, ..., es by applying the
T | sinx — u(x) 2 d Gram-Schmidt procedure to the basis
r 1Lx,x2, 23, x* x> of U
is as small as possible. Then use the last equation to get
2 4
Here V=Cr|[-7 7r] with inner product ~ ,, — 1051485 — 16537T 7).
= [T f(x)g(x)dx. Also, 8
v 6 CR[ m, 7] is glven by v(x) = sinx, 315(1155 — 12572 + %) 5
and U = Ps(R). Thus - 478 X
A PUV 693(945 — 10572 + ) §
+ X

87r10

Z v, ej €j,
= ~ 0.987862x — 0.155271x> + 0.00564312x°.
.



Example Minimization Problem

1
Find u € Ps(R) that approximates sin x

as well as possible on the interval
[—m, ], in the sense that

/ | sinx — u(x)|? dx

-

L

i

is as small as possible. Graphs on [—n, 7] of sinx (blue) and
its approximation u(x) (red).
Solution: |

u(x) ~ 0.987862x—0.15527 13 +0.00564312x>

Compare to Taylor polynomial:

X3 5

=T~ x—0.166667x3+0.00833333%°
3t st Graphs on [, 7] of sinx (blue) and

the Taylor polynomial (red).

:










@ F denotes either R or C.

@ V and W denote finite-dimensional inner product spaces over F.




~

Definition: adjoint, T Example: Define T: R® — R? by

Suppose T € L(V,W). The adjoint T(x1,x2,x3) = (x2 + 3x3,2x7).
?r:al*; is the function T*: W — V such To compute T fix a point (y1, y) € R2.

(Tv,w) = (v, T*w) Then for every (x,x2,x3) € R® we have
for every v € V and every w € W. ((x1,22,x3), T (y1,¥2)) = (T (x1, %2, %3), (y1,¥2))
\ y ~
= ((x2 + 3x3, 2x1), (¥1,¥2))

= xoy1 + 3x3y1 + 2x1)2
= <(x17-x27-x3)7 (2)’27}’173}’1»'

Thus
T*(y1,y2) = (2y2,y1,3y1).



Properties of the Adjoint

(Definition: adjoint, T* A
( . . . )
Suppose T € £(V, W). The adjoint Properties of the adjoint
of T'is the function T*: W — V such o (S+T) =S +T*forall S,T € L(V,W);
h B ) ) )
that o o (AT)* = AT* for all A € F and
(Tv,w) = (v, T*w) T LV w:
dor every v € V and every w € W. ) o (") =Tforall T € L(V,W);
@ I* = I, where [ is identity operator on V;
. . . N\ @ (ST)*=T*S*forall T € L(V,W) and
(The gaiointiisialiinearinap S e L(W,U) (here U is an inner product
U T € L(V,W), then T* € L(W,V). ) space over F). )




The Adjoint of a Composition

@ (ST)*=T*S*forall T € L(V,W)
and S € L(W,U).

Proof Suppose T € L(V,W)and S € L(W,U).
If ve Vandu € U, then
(v, (ST)*u) = (STv, u)
= (Tv,S™u)
= (v, T*(Su)).

Thus (ST)*u = T*(S*u), as desired. |




Null Space and Range of T*

"\ Proof We begin by proving (a). Letw € W. Then

(Null space and range of T*

S P — wemllT* < T*w=20
ose . Then
upp € L(v, )L — (v,T*w) =0forallve V

(@) null T* = (rangeT)~; < (Tv,w) =0forallveVv
(b) range T* = (null T)*;
( )

)

)
c) null 7 = (range T*)*;
)

d) range T = (null 7*)*.
\( rang (nu

— w e (rangeT)" .

Thus null 7% = (range T)*, proving (a).

If we take the orthogonal complement of both
sides of (a), we get (d).

( Condition for Surjectivity

Replacing T with 7* in (a) gives (c).

Suppose T € L(V,W). Then T is
surjective if and only if T* is injective) Finally, replacing T with 7* in (d) gives (b). i




Conjugate Transpose

( Definition: conjugate transpose\
(- ; R ™
The conjugate transpose of an The matrix of T
3 RS 8 (% o) s et Let T € L(V,W). Suppose ei,...,e, is an
obtained by interchanging the rows orthonormal basis of V and fi, ..., f, is an
and columns and then taking the erthameriE] SEchs of 17 e
complex conjugate of each entry. i
N J M(T*,(fi, - fon)s €1, - €n))
Example: The conjugate transpose is the conjugate transpose of
. 2 344 T \.
of the matrix ( p 5 8 ) is the \ M(T, (el,...,en),(fl,...,fm)). §

matrix










Definition and Example of Self-Adjoint Operator

(Definition: self-adjoint B

An operator T € L(V) is called self-adjoint
if T = 7% In other words, T € L(V) is
self-adjoint if and only if

(Tv,w) = (v, Tw)

\

forallv,w € V.
v, w )

Example: Suppose T is the operator
on F? whose matrix is

(37)

Recall that M(T*) is the conjugate
transpose of M(T).

Thus the operator T is self-adjoint if and
only if b = 3.




Eigenvalues of Self-Adjoint Operators are Real

operator on V.
Let X be an eigenvalue of 7, and let
»[J v be a nonzero vector in V such that

Eigenvalues of self-adjoin
operators are real

q Proof Suppose T is a self-adjoint

Tv = \v. Then
AIIVII2 = <v7v

Every eigenvalue of a self-adjoin
operator is real.

<

\/\/\/\/\/

v,
,V

Tv

/\/\/\/\

XHVHZ

Thus A = \, which means that \ is
real, as desired. I



(Tv,v)

for the 0 operator

(Over C, (Tv,v) = 0 for all v onl})

Suppose F =C and T € L(V). If
(Tv,v) =0

Q‘or allveVthenT = 0.

J

(Over C, characterization of sel
adjoint operators

~

is self-adjoint if and only if

(Tv,v) €R

for every v € V.
% y

Suppose F =Cand T € L(V). ThenT

J

Letv € V. Then

(Tv,v) — (Tv,v) = (Tv,v) — (v, Tv)
= (Tv,v) — (T*v,v)
= (T —=T")v,v).

If (Tv,v) € R for every v € V, then the
left side of the first equation above
equals 0, so ((T — T*)v,v) = 0 for
every v € V. This implies that

T — T* = 0. Hence T is self-adjoint.

Conversely, if T is self-adjoint, then the
right side of the last equation above
equals 0, so (Tv,v) = (Tv,v) for every
v € V. This implies that (7v,v) € R for
every v € V, as desired. i

Proof




(Tv,v)

(Over C, (Tv,v) = 0 for all v onl})
for the 0 operator

fIfT = T* and (Tv,v) = 0 for all v,\

thenT =0

Suppose F =C and T € L(V). If
(Tv,v) =0

forallve V,then T = 0.

\_ J

(Over C, characterization of sel )

adjoint operators

Suppose T is a self-adjoint operator
on V such that

(Tv,v) =0

Suppose F =CandT € L(V). ThenT
is self-adjoint if and only if

(Tv,v) €R

for every v € V.
% y

J

Q‘orallveV.ThenT:O. )










Definition and Example of Normal Operator

e ~ Example: Let T be the operator on F?

Definition: normal whose matrix is
@ An operator on an inner product < 2 -3 ) .
space is called normal if it 3 2
commutes with its adjoint. This operator is not self-adjoint.
@ In other words, T € L(V) is The matrix of TT* equals
\_ T =T"T. ) 3 2 -3 2 0 13
Similarly, the matrix of 7*T equals
Obviously every self-adjoint operator 2 3 2 3\ _ (130
is normal, because if T is self-adjoint -3 2 3 2 0 13 )°
then 7" =T. Because TT* and T*T have the same
matrix, we see that 77* = T*T. Thus T
is normal.



Normality and Norms

-
for all v

T is normal if and only if | Tv| = ||T*v|P

Q‘orallveV.

An operator T € L(V) is normal if and only if

1Tv]| = [IT*v]]

The result above implies that null 7 = null 7*
for every normal operator T.

Proof LetT € L(V). Note that
Tisnormal < T*T —TT* =0
— ((T*T —TT*)v,v) =0
forallveVv
< (T*Tv,v) = (TT"v,v)
forallveV
= Tyl = |7
forallv e V.
The equivalence of first and last

conditions above gives the desired
result. i



A Normal Operator and Its Adjoint Have the Same Eigenvectors

(For T normal, T and T* have the sam
eigenvectors

e

~

\a

Suppose T € L(V) isnormal and v € V is an
eigenvector of T with eigenvalue A. Then v is
Iso an eigenvector of T* with eigenvalue )")

Proof Because T is normal, so is
T — Al as you should verify.
Thus
= (T = A)v||
= (T =A™
= [|(T" = M)v].

Hence v is an eigenvector of 7* with
eigenvalue ), as desired. il




Orthogonal Eigenvectors for Normal Operators

(Orthogonal eigenvectors foP
normal operators

Suppose T € L(V) is normal. Then
eigenvectors of T corresponding to

distinct eigenvalues are orthogonal.
\ g dgonal,

Proof Suppose «, 5 are distinct
eigenvalues of 7, with corresponding
eigenvectors u,v. Thus Tu = au and
Tv = Bv.

We have T*v = Sv. Thus

(a — B){u,v) = (au,v) — (u, Bv)
= (Tu,v) — (u, T*v)
=0.
Because a # 3, the equation above

implies that (u,v) = 0. Thus u and v
are orthogonal, as desired. i












@ F denotes either R or C.

@ V denotes a finite-dimensional inner product space over F.




Diagonalization by an Orthonormal Basis?

@ A diagonal matrix is a square matrix that @ For which operators on V is there
is 0 everywhere except possibly along an orthonormal basis of V with
the diagonal. respect to which the operator has

a diagonal matrix?
@ An operator on V has a diagonal matrix

with respect to a basis if and only if the @ For which operators on V is there
basis consists of eigenvectors of the an orthonormal basis of V
operator. consisting of eigenvectors of 77

@ The Spectral Theorem will answer
these questions.

@ The answer is depends upon
whether the scalar field is real or
complex.



The Complex Spectral Theorem

(Complex Spectral Theorem A Proof  First suppose (c) holds.

The matrix of T* is obtained by taking the
conjugate transpose of the matrix of T;

Suppose F = C and T € L(V). Then the

following are equivalent: hence T* also has a diagonal matrix.
(@) T is normal. Any two diagonal matrices commute; thus
(b) V has an orthonormal basis consisting T commutes with 7%
of eigenvectors of T. Thus T is normal. In other words, (a)
(c) T has a diagonal matrix with respect holds.

\_ fosome orthonormal basisof V.. ] \We have proved that (c) implies (a). The
equivalence of (b) and (c) is easy.

We will complete the proof by showing
that (a) implies (c).




The Complex Spectral Theorem

(Complex Spectral Theorem

~

Suppose F = C and T € L(V). Then the
following are equivalent:
(a) T is normal.

(b) V has an orthonormal basis consisting
of eigenvectors of T.

(c) T has a diagonal matrix with respect

\ to some orthonormal basis of V. y

Proof Suppose (a) holds, so T is normal.
By Schur's Theorem , there is an
orthonormal basis ey, ..., e, of V with
respect to which T has an
upper-triangular matrix. Thus

ag ... dip
M(T, (er, ... en) =
0 dnn
The condition ||7e; || = ||T*e; || implies that

all entries in the first row of the matrix,
except possibly the first entry a i,

equal 0.

The condition ||Te,|| = ||T*e2|| implies that
all entries in the second row of the matrix,
except possibly the diagonal entry a; »,
equal 0.

Continuing in this fashion, we see that all
the nondiagonal entries in the matrix
equal 0. Thus the matrix above is
diagonal, and (c) holds. i



The Complex Spectral Theorem
)

(Complex Spectral Theorem

Suppose F = C and T € L(V). Then the
following are equivalent:
(a) T is normal.

(b) V has an orthonormal basis consisting
of eigenvectors of T.

(c) T has a diagonal matrix with respect

\ to some orthonormal basis of V. y

Example: Consider the normal operator
T € £(C?) whose matrix is

2 =3
3 2 '
As you can verify,
(ia 1) (*i’ 1)
V2 V2

is an orthonormal basis of C? consisting
of eigenvectors of T.

With respect to this basis the matrix of T
is the diagonal matrix

2+3i 0
0 2-3i )



The Real Spectral Theorem

(Real Spectral Theorem A

Suppose F =R and T € L(V). Then the

following are equivalent:

(a) T is self-adjoint.

(b) V has an orthonormal basis consisting
of eigenvectors of T.

(c) T has a diagonal matrix with respect

\ to some orthonormal basis of V. y

Example: Consider the self-adjoint
operator T on R* whose matrix is

14 —-13 8
—-13 14 8 .
8 8 =7

As you can verify,
(1,-1,0) (1,1,1) (1,1,-2)
V2o V3T Ve
is an orthonormal basis of R? consisting

of eigenvectors of 7. With respect to this
basis, the matrix of T is the diagonal

matrix 7 0 0
0 9 0 .
0O 0 -15










@ F denotes either R or C.

@ V denotes a finite-dimensional inner product space over F.




Definition and Examples of Positive Operators

(Definition: positive operator

if T is self-adjoint and
(Tv,v) 2 0

Qorallvev

An operator T € L(V) is called positive

J

If V is a complex vector space, then the
requirement that 7 is self-adjoint can
be dropped from the definition above.

Examples:

@ If U is a subspace of V, then the
orthogonal projection Py is a
positive operator.

@ If T e L(V) is self-adjoint and
b,c € R are such that »* < 4c,
then T2 + bT + ¢l is a positive
operator.

@ If M(T) is a diagonal matrix with
nonnegative entries on the
diagonal, then T is a positive
operator.



( Definition: square root ]

An operator R is called a square root of
an operator T if R> = T.

Example: If T € £(F?) is defined by
T(Zh 22, ZS) = (Z3a Oa 0)7
then the operator R € L(F?) defined by

R(z1,22,23) = (22,23,0)

is a square root of T.

Square Roots of Operators

Example: If T € £(F?) has matrix

25 0 0
MT)=| 0 4 0|,
0 0 9

then the operator R € £(F?) with
matrix

0
2
0

w o O
N—

is a square root of T.




Characterization of Positive Operators

(Characterization of positive
operators

Let T € £(V). Then the following are

equivalent:

(a) T is positive;

(b) T is self-adjoint and all eigenvalues
of T are nonnegative;

(c) T has a positive square root;

(d) T has a self-adjoint square root;

(e) there exists R € L(V) such that

\_ T =R*R. )

Proof We will prove that
(@) = (b) = (c) = (d) = (e) = (a).

First suppose (a) holds, so that T is
positive. Obviously T is self-adjoint (by
the definition of a positive operator).
To prove the other condition in (b),
suppose A is an eigenvalue of T.
Let v be an eigenvector of T
corresponding to A. Then
0 < (Tv,v)
= <)‘v7 v)
= Av,v).

Thus A is a nonnegative number.
Hence (b) holds.



(Characterization of positive
operators

Let T € £(V). Then the following are

equivalent:

(a) T is positive;

(b) T is self-adjoint and all eigenvalues
of T are nonnegative;

(c) T has a positive square root;

(d) T has a self-adjoint square root;

(e) there exists R € L(V) such that

\_ T =R*R. )

Characterization of Positive Operators

Now suppose (b) holds, so that T is
self-adjoint and all eigenvalues of T
are nonnegative. By the Spectral
Theorem, there is an orthonormal
basis e, ..., e, of V consisting of
eigenvectors of T. Let Ay, ..., \, be the
corresponding eigenvalues. Each

Aj > 0. Let R € L(V) be such that

Rej = \/Xje;

forj=1,...,n. Then R is a positive
operator. Furthermore,

R%¢; = \je; = Te; for each j, which
implies that R = T

Thus R is a positive square root of T.
Hence (c) holds.



Characterization of Positive Operators

(Characterization of positive
operators

Let T € £(V). Then the following are

equivalent:

(a) T is positive;

(b) T is self-adjoint and all eigenvalues
of T are nonnegative;

(c) T has a positive square root;

(d) T has a self-adjoint square root;

(e) there exists R € L(V) such that

\_ T =R*R. )

Clearly (c) implies (d) (because, by
definition, every positive operator is
self-adjoint).

Now suppose (d) holds, meaning that
there exists a self-adjoint operator R
on V such that

T =R
Then
T =R*R

because R* = R. Hence (e) holds.



Characterization of Positive Operators

( Characterization of positive A Finally, suppose (e) holds. Let
R € L(V) be such that T = R*R. Now

operators
Let T € £(V). Then the following are %
: _ = R*(RY)
equivalent:
. el = R*R
(a) T is positive; T

(b) T is self-adjoint and all eigenvalues
of T are nonnegative;

(c) T has a positive square root;
(d) T has a self-adjoint square root; {Tv,v) = (R°Rv,v)
(e) there exists R € £(V) such that = (Rv, Rv)

\_ T = R*R. ) >0

for every v € V. Thus T is positive. il

Hence T is self-adjoint. To complete
the proof that (a) holds, note that




Uniqueness of Positive Square Root

( Each positive operator haﬂ A positive operator can have infinitely

only one positive square root many square roots, although only one

of them can be positive. For example,

unique positive square root. many square roots if dim V > 1.

LEVG"Y positive operator on V' has aJ the identity operator on V has infinitely










Definition and Example of Isometries

- ~N Example: Suppose Ay, ..., A\, are scalars
Definition: isometry with [Aj| =1 and S € L(V) satisfies

Se; = \je; for some orthonormal basis

el,...,e, Of V. Suppose v € V. Then

@ An operator S € L(V) is called
an isometry if
y v={(v,er)e; + -+ (v,en)e,

Sv|| = |lv
Isvll = vl o
forallv e V.
, IVI? = [y, en) P+ + [{v,en) .
@ In other words, an operator is
an isometry if it preserves Now
\_ horms. ) Sv={(v,e1)Se; + -+ (v,e,)Se,

= /\1<V, €1>€1 +-+ )‘n<va en>en-
Thus
ISvIZ = [y en)? + -+ (v, en) .

Hence ||v|| = ||Sv||. Thus S is an isometry.
.

Example: Suppose A € F. Then M\l is
an isometry if and only if |\| = 1.



Characterization of Isometries

(Characterization of isometries

~\

For S € L(V), the following are equivalent:

(a) Sis an isometry;
(b) (Su,Sv) = (u,v) for all u,v € V;

(c) Sey,...,Se, is orthonormal for every or-
thonormal list of vectors ey, ..., e, in V;

(d) there exists an orthonormal basis ey, . . ., e,
of V such that Seq, ..., Se, is orthonormal;

(e) S*S=1;

(fy Ss*=1;

(g) S* is an isometry;

dh) S is invertible and S~! = §*

Proof We will prove that

(@) = (b) = (c) = (d) = (e) = (f)
= (9) = (h) = (a).

First suppose (a) holds, so S is an
isometry. If F = R, then for every
u,v € Vwe have

e vl = = vl

() = ;
_ UISG+ )P — 1S — )]
4
[[Su+ Sv||? — ||Su — Sv||?
N 4
= (Su, Sv),

and thus (b) holds.



Characterization of Isometries

(Characterization of isometries

~\

For S € L(V), the following are equivalent:

(a) Sis an isometry;

(b) (Su,Sv) = (u,v) for all u,v € V;

(c) Sey,...,Se, is orthonormal for every or-
thonormal list of vectors ey, ..., e, in V;

(d) there exists an orthonormal basis ey, . . ., e,
of V such that Seq, ..., Se, is orthonormal;

e) S*S =1,

fy SS*=1;

g) S* is an isometry;

h) S is invertible and S~! = §*

—_ o~~~

Now suppose (b) holds, so S
preserves inner products.
Suppose that ey, ..., e, is an
orthonormal list of vectors in V.
Then the list Seq, ..., Se, is
orthonormal because

(Sej, Ser) = (ej, ex).
Thus (c) holds.

Clearly (c) implies (d).



Characterization of Isometries

(Characterization of isometries

~\

For S € L(V), the following are equivalent:

(a) Sis an isometry;

(b) (Su,Sv) = (u,v) for all u,v € V;

(c) Sei,...,Se, is orthonormal for every
thonormal list of vectors ey, ..., e, in V;

(d) there exists an orthonormal basis ey, . . .

e) S*S =1,

fy SS*=1;

g) S* is an isometry;

h) S is invertible and S~! = §*

—_ o~~~

of V such that Seq, ..., Se, is orthonormal;

or-

aen

Now suppose (d) holds.
Letey,...,e, be an orthonormal
basis of V such that Sey, ..., Se, is
orthonormal. Thus

<S*S€j, €k> = <S€j, S€k>
= <€j7 €k>
forj,k=1,...,n. All vectors
u,v € V can be written as linear

combinations of ey, ..., e,, and thus
the equation above implies that

(S*Su,v) = (u,v)

forall u,v € V. Hence §*S =I; in
other words, (€) holds.



Characterization of Isometries

(Characterization of isometries A

For S € L(V), the following are equivalent:

(a) Sis an isometry;
(b) (Su,Sv) = (u,v) for all u,v € V;

(c) Sey,...,Se, is orthonormal for every or-
thonormal list of vectors ey, ..., e, in V;

(d) there exists an orthonormal basis ey, . . ., e,
of V such that Seq, ..., Se, is orthonormal;

e) S*S =1,
f) S§*=1;
g) S*is an isometry;

h) S is invertible and S~! = §*

—_ o~~~

That (e) implies (f) is a special case
of the result that if S, T € £(V) and
TS = I implies ST = 1.

Now suppose (f) holds, so SS* =1
If v eV, then
15*v]|2 = (S*v, S*v)
= (SS*v,v)
= ()
= |vl*.

Thus S* is an isometry, showing
that (g) holds.



Characterization of Isometries

(Characterization of isometries A
- : Now suppose (g) holds, so §* is an
For S € L(V), the following are equivalent: isometry.
(a) S is an isometry; USing the |mp||Cat|0nS (a) = (e)
(b) (Si, Sv) = (u, v) for all u, v € V; and (a) = (f) but with S replaced
’ ' ’ ’ with $* [and using the equation
(c) Sel,...,Se,,. is orthonormal for every or- ($*)* = 5], we conclude that
thonormal list of vectors ey, ..., e, in V; . .
(d) there exists an orthonormal basis ey . . . , e, §§°=1 and §°§=1.
of V such that Sey, . . ., Se, is orthonormal; Thus S is invertible and $~! = §*; in
(€) §*S =I; other words, (h) holds.
(f) SS*=1;
(g) S* is an isometry;
h) S is invertible and S~ = §*
W y




Characterization of Isometries

(Characterization of isometries h
Now suppose (h) holds, so S is
For S € L(V), the following are equivalent: invertible and S—! = S*.
(a) S is an isometry; Thus §*S =1
(b) (Su, Sv) = {u,v) for all u,v € V; Ifv €V, then
(c) Sey,...,Se, is orthonormal for every or- ISv]|> = (Sv, )
thonormal list of vectors ey, ..., e, in V; = (S*Sv,v)
(d) there exists an orthonormal basis ey, . .., e, = (v, )
of V such that Sey, ..., Se, is orthonormal; = ||v|2.
&) =0 Thus S is an isometry, showing that
(f) $8* =1, (a) holds. B
(g) S* is an isometry;
dh) S is invertible and S~ = §*




Isometries on Complex Inner Product Spaces

(Description of isometries A

whenF = C

Suppose V is a complex inner product
space and S € L(V). The following are
equivalent:

(a) Sis anisometry.

(b) There is an orthonormal basis of V
consisting of eigenvectors of S
whose corresponding eigenvalues

\_ all have absolute value 1. )

Proof Suppose (a) holds, so S is an
isometry. By the Complex Spectral
Theorem, there is an orthonormal basis
e1,...,e, Of V consisting of eigenvectors
of S. Forj e {1,...,n}, let \; be the
eigenvalue corresponding to ¢;. Then

(A = [Nl
= [ Sejll
= llejll
= 1.
Thus each eigenvalue of S has absolute

value 1. Hence (b) holds.
We earlier showed that (b) implies (a). B









@ F denotes either R or C.

@ V denotes a finite-dimensional inner product space over F.




Positive Operators

~

(Definition: positive operator h (Characterization of positive
operators

An operator T € L(V) is called positive
if T is self-adjoint and Let T € £(V). Then the following
are equivalent:

(Tv,v) >0
forallveV (a) T is positive;
- | (b) Tis self-adjoint and al
—— ~N eigenvalues of T are
Definition: square root nonnegative;

(c) T has a positive square root;
(d) T has a self-adjoint square root;
(e) there exists R € £(V) such that

. T=RR )
.

An operator R is called a square root of

an operator T if RZ = T.
2" op Y,




Square Roots

( Each positive operator haﬂ ( Notation: /T w

only one positive square root

— If T is a positive operator, then /T
Evgry p05|t'|\./e operator on V has a denotes the unique positive square
unique positive square root. root of T.




Analogy Between C and L(V)

C L(V)
Z T
z T*
Polar decomposition on C: tER(2=7) T'is self-adjoint (T' = T)
z=r(cosf + isinf), with r = |z 220 T is positive
(z = ww for some w) (T = R*R for some R)
4
(\ ’>| | lzl=1(zz=1) T is an isometry (T*T =1I)

<| ’>\/Z Wlth‘| |‘—1

zz(m)\/?z

T = SV/T*T for some isometry S




Polar Decomposition

( Polar Decomposition w
Suppose T € £(V). Then there exists Define S;: range vT*T — range T by
an isometry S € £(V) such that S1(VT*Tv) = Tv.
T =S8vT*T. The equation ||/T*Tv|| = || Tv|| shows that
Proof  If v € V, then [[Svael| = [ull
”TV||2 _ <TV, TV> forall u € range \/T*T.
— (T*Tv, ) Extend S; to an isometry S € L(V).
’ Do this by defining S to be an isometry
= (VI*TVT*Tv,v) from (range /T*T)* to (range T)*, then
= (VT*Tv,VT*Tv) extend by linearity. il
= |VTTv|.
1Tv]| = [[VT*Tv].









Singular Values

(Definition: singular values

~

Suppose T € L(V). The singular
values of T are the eigenvalues
of /T*T, with each eigenvalue A
listed

dim null(VT*T — )

\tlmes.

The singular values of T are
nonnegative numbers, because
they are eigenvalues of the positive
operator /T*T.

Each operator on V has dim V
singular values.

Example:Define T € L(F*) by
T(z1,22,23,24) = (0,321,222, —3z4).
A calculation shows that
T*T(z1,22,23,24) = (921,422,0,924).
Thus
VT*T(21,22,23,24) = (321,222, 0,324).

The eigenvalues of v/T*T are 3,2,0 and

dim null(vVT*T — 31) = 2,

dim null(VT*T — 21) = 1,

dim null VT*T = 1.

Hence the singular values of T are
3,3,2,0.



Singular Value Decomposition

(Singular Value Decomposition

Suppose T € L(V) has singular values | With notation as in the statement of the
s1,..., .. Then there exist orthonormal | Singular Value Decomposition,
basesey,...,e, andfi,...,f, of V such Tej = s;f;
that

Tv = s1(v,e1)fi + - - + sn(v, ea)f

for every v € V.
% y

for each j. Thus

M(T,(ers- - en), (fis o))
J 1 0




Singular Value Decomposition

(Singular Value Decomposition A

Suppose T € L(V) has singular values

s1,...,8,. Then there exist orthonormal
basesey,...,e, andfi,...,f, of V such
that

Tv =si(v,e1)fi + -+ sa(v,en)fn

for every v € V.

\§ J
Proof By the Spectral Theorem, there

is an orthonormal basis ¢;,...,e, of V
such that v T*TEJ' = sje; forj=1,...,n.
Now

V= <V,€1>€1 +-+ <V, en>en
for every v € V.

Apply v T*T to both sides of this equation,
getting

VT*Tv = si{v,e1)e; + -+ sp(v,en)en
for every v € V. By the Polar
Decomposition, there is an isometry
S e L(V)suchthat T = SvT*T. Apply S to
both sides of the equation above, getting

Tv = s1(v,e1)Sey + - - + sp(v, en)Sey,

for every v € V. For each j, let fj = Se;.
Because S is an isometry, f1,...,f, is an
orthonormal basis of V. The equation
above now becomes

Tv =s1(v,e1)fi + -+ sn(v, en)fn

for every v € V, completing the proof. il



Singular Values Without Taking Square Roots

(Singular values without taking\
square root of an operator

Suppose T € L(V). Then the singular
values of T are the nonnegative
square roots of the eigenvalues of T*T,
with each eigenvalue X listed

dim null(T*T — \)

\times. y

Example:Define T € L(F*) by
T(z1,22,23,24) = (0,321,222, —3z4).
A calculation shows that
T*T(z1,22,23,24) = (921,422,0,924).
The eigenvalues of 7*T are 9,4,0 and
dimnull(7*T —91I) = 2,
dimnull(T*T — 4I) = 1,
dimnull 7°T = 1.

Hence the singular values of T are
3,3,2,0.



Exercises

@ Suppose T € L(V) is self-adjoint. @ Suppose S € L(V). Prove that S is an
Prove that the singular values of T isometry if and only if all the singular
equal the absolute values of the values of S equal 1.

Z:c?perg\;)ar::teesly(.)f T, repeated @ Suppose T € L(V). Let s denote the
smallest singular value of 7, and let s

@ Suppose T € L(V). Prove that T denote the largest singular value of T.
and 7* have the same singular (a) Prove that 5|[v|| < ||Tv] < s||v| for
values. every v € V.

@ Suppose T € L(V). Prove that T (b) Suppose A is an eigenvalue of T.
is invertible if and only if 0 is not a Prove that 3 < [A| < s.

singular value of T.

@ Suppose T € L(V). Prove that
dimrange T equals the number of
nonzero singular values of T.



Exercises

Suppose T € L(V) has singular value
decomposition given by

Tv =si(v,e))fi + -+ su(v, e @ Prove thatif v € V, then
for every v € V, where sy, .. ., s, are the VT*Tv = si{(v,er)er +-- - +5,(v, en)e,.
singular values of T and ¢y, ..., ¢, and

f £, are orthonormal bases of V. @ Suppose T is invertible. Prove that if
breeadn ) v € V, then

@ Prove that if v € V, then -y e o (ven

T"v =3 (V7f1>€1 + -+ sn<v7fn>en- 51 Sn
for every v € V.
@ Prove that if v € V, then

T Tv = slz(v, er)er+- - -—i—s,,z(v, en)en.









@ F denotes either R or C.

@ V denotes a finite-dimensional nonzero vector space over F.




Sequence of Null Spaces

( Sequence of increasing null spaces

]

Suppose T € L(V). Then

{0} =null 7° C null 7' € -+ C null 7* C null 77! C - -

Proof Suppose k is a
nonnegative integer and
v € null 7. Then

T = 0.
Hence
Ty = 7(Th)
=T(0)
=0.

Thus v € null 7!, Hence
null 7% C null 7%, as
desired. i



Sequence of Null Spaces

N\ To prove the inclusion in the
other direction, suppose
v € null 7"+ Then

Tm+1(Tkv) — Tm+k+1v
=0.

(Sequence of increasing null spaces

Suppose T € L(V). Then
\{0} —null 7° c null 7! € -+ € null 7% € null 79! - -

(Equality in the sequence of null spaces ) Hence
7%y € null 7"+ = null 7.

Suppose T € L(V). Suppose m is a nonnegative integer
such that null 7 = null 7!, Then Thus

+k,. k )\
\ nll 7" = null 77! = pull 772 = null 7713 = - - . . " =T"(T") =0,

J
e which means that
Proof Let k be a positive integer. We want to prove that v € null 7. This implies

null 7% = pull 774 that null 7" t%+1  null 7+,
We already know that null 7% C null 777 %+1, completing the proof. B




Null Spaces Stop Growing

( Null spaces stop growing w
LSuppose T € L(V). Letn=dimV. Then J

null 7% = null 777 = null 772 = - - . .

Proof We need only prove that
null 7% = null 77!, Suppose this is not true.
Then

{0} =null7® C null 7! € -+ C null 7" € null 7"+,

At each of the strict inclusions in the chain
above, the dimension increases by at least 1.
Thus dim null 7"*t! > n + 1, a contradiction
because a subspace of V cannot have a
larger dimension than ». il



The Direct Sum of null 74™" and range 79™V

(V is the direct sum of null Tdimq

. 2n.. _ n
and range T4V T7'u=T"y
=0.
Suppose T € L(V). Let n = dim V. Then Thus T — 0. Thus v — T — 0.
V =nullT" @ range T". showing that
Proof First we show that (null 7%) N (range ) = {0}.
(uull 7%) A (range T") = {0}. 'I'\'lf;l;f null 7" 4 range T" is a direct sum.
nr ™).
?ﬁssose v € (nullT) N (range ") dim(null 7" @ range T")
T = 0, = dimnull 7" + dim range 7"
=dimV.

and there exists u € V such that
T — v The equation above implies that
- null 7" @ range T" = V, as desired. i









Eigenvalue and Eigenvector Review

(Definition: eigenvalue R

Suppose T € L(V). Anumber A € F is
called an eigenvalue of T if there exists

C}EVSUCh that v £ 0 and Tv = \v. D

fDefinition: eigenvector R

(Definition: eigenspace, E(\,T) b

Suppose T € L(V) and A € F. The
eigenspace of T corresponding to A,
denoted E(\, T), is defined by

Suppose T € L(V) and XA € F is an
eigenvalue of T. A vector v € V is called
an eigenvector of T corresponding to A

\ifv#OandTv:)\v. )

E(N\,T) = null(T — AI).

g J

Clearly
venull(T — M) < Tv= .

Thus E(\, T) is the set of eigenvectors
of T corresponding to A, along with the
0 vector.




Generalized Eigenvectors

(Definition: generalized eigenvector\

[Definition: generalized eigenspace,

Suppose T € L(V) and X is an eigen-
value of 7. A vector v € Vis called a gen-
eralized eigenvector of T corresponding
to A if v # 0 and

(T —NYv=0

~
G(\,T)

\_

for some positive integer ;. D

Suppose T € L(V) and X € F. The gen-
eralized eigenspace of T corresponding
to A\, denoted G(\,T), is defined to be
the set of all generalized eigenvectors of
T corresponding to A, along with the 0
kvector. )

(Description of generalized\

eigenspaces

Suppose T € L(V) and A € F. Then

9 G\, T) = null(T — A1)4™ V. )




Example of Generalized Eigenspaces

Define T € £(C?) by We have
T(z1,22,23) = (422,0,5z3). T3(z1,22,23) = (0,0, 125z3)
The eigenvalues of T are 0 and 5. for all z;,z2,2z3 € C. Thus

The corresponding eigenspaces are
easily seen to be

E(0,T) ={(z1,0,0) : z; € C}

G(0,T) ={(z1,22,0) : z1,220 € C}.

We have
(T—501)3(z1,22,23) = (—12521+300z2, —125z3,0).
Thus

G(5,T) ={(0,0,z3) : z3 € C}.

and
E(5,T) ={(0,0,z3) : z3 € C}.

Note that this operator T does not
have enough eigenvectors to span its

domain C3.
Now

C* =G(0,T)® G(5,T).



Linearly Independent Generalized Eigenvectors

(Linearly independent generalizecp Hence Tw = \w. Thus
eigenvectors (T — M)w = (A — \)w for every X € F.
Hence
L.et.T e./:(V). Suppose Aq,...,\, are (T = M)"w = (A1 — \)'w
distinct elgepvalues of T and VIyeo sV AFE for every A € F, where n = dim V.
_cl:_cr)]rrespondlng gelr}eralllze.d delgen\éectfrs. Apply the operator
% envi,...,v, is linearly independent. P (T — MK — al) - (T — A"
Proof Suppose ai, ..., an € F are such to both sides, getting
that 0=a) (T —MDNT = XoD)" - (T — A\ul)"vy
0=avi+-+anvm. :al(T—)\ZI)”---(T—)\mI)"W
Let k be the largest nonnegative integer =ai(A1 = A2)" - (A1 = An)"'w.
such that (T — A\ I)kv; # 0. Let The equation above implies that a; = 0.
w= (T — \I)*v,. In a similar fashion, a; = 0 for each ;.
Thus (7 — M)w = (T — M\ I)* 1y = 0. Thus vy, ..., v, is linearly independent. il









Definition and Examples of Nilpotent Operator

( Definition: nilpotent w ( Nilpotent operator raised to 1

. : . dimension of domain is 0
An operator is called nilpotent if some
power of it equals 0.

Suppose N € L(V) is nilpotent. Then
NdimV —0.

Example: The operator N € L(F*)
defined by

N(z1,22,23,24) = (23,24,0,0)

is nilpotent because N* = 0.

Example The operator of differentiation
on P,(R) is nilpotent because the

(m + 1)8t derivative of every polynomial
of degree at most m equals 0.



Matrix of a Nilpotent Operator
N

(Matrix of a nilpotent operator

Suppose N is a nilpotent operator on V.
Then there is a basis of V with respect
to which the matrix of N has the form

0 *

0 0

\entries on and below diagonal are 0’s
Proof First choose a basis of null N.
Then extend this to a basis of null N2.
Then extend to a basis of null N3.
Continue in this fashion, eventually
getting a basis of V.

_J

The first column of the matrix of N, and
perhaps additional columns at the
beginning, consists of all 0’s. The next set
of columns comes from basis vectors in
null N2. Applying N to any such vector, we
get a vector in null N; in other words, we
get a vector that is a linear combination of
the previous basis vectors. Thus all
nonzero entries in these columns lie
above the diagonal. The next set of
columns comes from basis vectors in
null N3. Applying N to any such vector, we
get a vector in null N?; in other words, we
get a vector that is a linear combination of
the previous basis vectors. Continue in
this fashion to complete the proof. il












@ F denotes either R or C.

@ V denotes a finite-dimensional nonzero vector space over F.




Null Space and Range of p(T) Are Invariant

(The null space and range of p
are invariant under T

(1))

null p(7T) and rangep(T) are invari
QJnder T.

Suppose T € L(V)andp € P(F). Then

ant
J

Proof Suppose v € nullp(T). Then
p(T)v =0. Thus
((p(T))(Tv) =T (p(T)v)
=T(0)
=0.
Hence Tv € nullp(T). Thus nullp(T) is
invariant under 7, as desired.

Suppose v € rangep(T). Then there
exists u € V such that v = p(T)u. Thus

Tv =T (p(T)u)
= p(T)(Tu).

Hence Tv € rangep(T). Thus
range p(T) is invariant under 7, as



Decomposition Theorem

~

(Description of operators on
complex vector spaces

Suppose V is a complex vector space and Proof of (b): Recall that
T € L(V). Let A\y,...,\, be the distinct G(N, T) = null(T — \1)4mVY

SRR RS & 28 LR and then use the previous result that

@ V=G, T)® - &G\, T); null p(T) is invariant under T for every
(b) each G()\;, T) is invariant under T; polynomial p.
(c) each (T — \iI)|gx,, 1) is nilpotent. ) Proof of (c): Clear from definition of

(T = AiD)o(y1)-




Basis of Generalized Eigenvectors

(Description of operators on
complex vector spaces

Suppose V is a complex vector space and
T € L(V). Let A\1,..., A\, be the distinct
eigenvalues of T. Then

(b) each G(\;, T) is invariant under T;
dc) each (T — \i)|g(y,r) is nilpotent.

(A basis of generalized R

eigenvectors

Suppose that V is a complex vector
space and T € L(V). Then there is a
basis of V consisting of generalized

eigenvectors of T.
S Y,

Proof Choose a basis of each

G(\;, T). Put all these bases together
to form a basis of V consisting of
generalized eigenvectors of 7. il




Multiplicity

(Definition: multiplicity

~N

(Sum of the multiplicities equals

\_

@ Suppose T € L(V). The

multiplicity of an eigenvalue X of T

is defined to be the dimension of
the corresponding generalized
eigenspace G(\, 7).

@ In other words, the multiplicity of
an eigenvalue X of T equals
dim null(7 — A\)dimY,

dim V

~

\

Suppose V is a complex vector space
and T € L(V). Then the sum of the
multiplicities of all the eigenvalues of T
equals dim V. P

J

Proof V =G\, T)® - ®G\n,T)

algebraic multiplicity of A = dim null(7 — M)3™Y = dim G(\, T)
geometric multiplicity of A = dimnull(7 — \I) = dim E(\, T)



Multiplicity Example

H 3
Define '€ £(C") by The generalized eigenspaces of T are

T(z1,22,23) = (321 + 422,322, 823). G(3,T) = {(21,2,0) : 21,22 € C},
340 G(8,T) ={(0,0,z3) : z3 € C}.
M(T) = ( 030 )
00 8 Thus the eigenvalue 3 has algebraic
multiplicity 2 and the eigenvalue 8 has
The eigenvalues of T are 3 and 8. algebraic multiplicity 1.

The eigenspaces of T are
E(3,T) ={(z1,0,0) : z; € C},
E8,T) ={(0,0,z3) : z3 € C}.

We have
C*=G(3,T)®G(8,T),

as expected by the Decomposition
Thus the eigenvalue 3 has geometric Theorem.

multiplicity 1 and the eigenvalue 8 has

geometric multiplicity 1.









Definition of Block Diagonal Matrix

- - —~\ (4) 00 00
Definition: block diagonal matrix
0 2 -3 0 0
A block diagonal matrix is a square | A = 0 0 2 0 0
matrix of the form 0 0 0 |7
Aq 0
0 00 0 1
oA ’ is a block diagonal matrix with
where Ay, ..., A,, are square matrices Al 0
lying along the diagonal and all the A= Ay ;
other entries of the matrix equal 0.
\_ 9 ) 0 A3
where

Example: The 5-by-5 matrix




Block Diagonal Matrix with Upper-Triangular Blocks

(Block diagonal matrix with upper-triangular blocks A

Suppose V is a complex vector space and T € L(V). Let

A1, .-, A\ be the distinct eigenvalues of 7, with multiplicities
di,...,dy,. Then there is a basis of V with respect to which T
has a block diagonal matrix of the form

Ay 0

0 A,

where each A, is a d;-by-d; upper-triangular matrix of the form




Example of Block Diagonal

Suppose T € L£(C?) is defined by
T(z1,22,23) = (621+322+423,620+223, 723).

The matrix of T (with respect to the
standard basis) is

6 3 4
06 2],
0 0 7

which is an upper-triangular matrix but is
not of the form promised by our result.
The eigenvalues of T are 6 and 7 with
corresponding generalized eigenspaces

G(6,T) = span((1,0,0), (0,1,0)),
G(7,T) = span((10,2,1)).

A basis of C? consisting of generalized
eigenvectors of T is

(1,0,0),(0,1,0),(10,2,1).
The matrix of T with respect to this basis
is
6 3 0
0 6 0 ,
00 (7)

which is a matrix of the appropriate block
diagonal form.



Block Diagonal Matrix with Upper-Triangular Blocks

(Block diagonal matrix with upper-triangular blocks A

Suppose V is a complex vector space and T € L(V). Let

A1, .-, A\ be the distinct eigenvalues of 7, with multiplicities
di,...,dy,. Then there is a basis of V with respect to which T
has a block diagonal matrix of the form

Ay 0

0 A,

where each A, is a d;-by-d; upper-triangular matrix of the form










Example of Operator with No Square Root

( Definition: square root w Example: Define T € £(C3) by

LAn operator R is called a square root oj T(z1,22,23) = (22,23,0).

an operator T if R* = T. Then T does not have a square root.




|dentity Plus Nilpotent Has a Square Root

(Identity plus nilpotent has a} Now

square root (I+aN + &N + aN + -+ ap_ N"1)2

Suppose N € £(V) is nilpotent. | =1+ 2aiN + (2a2 + ar*)N* + (2a3 + 2a1a2)N° + - -
Then I + N has a square root. + (2ay,—1 + terms involving aj, . . . , ay_2)N™!

, , =I+N
Proof Consider the Taylor series . )
for the function /T + x: if 24, = 1 (thus a; = 1/2) and 2a; + 1= = 0

B 5 3 (thusa, = —1/8)andas =1/16and ....
VIt x=ltaxtax+axt .. Continue in this fashion forj =4, ...,m — 1, at

Because N is nilpotent, N = 0 each step solving for a; so that the coefficient of
for some positive integer m. Thus N/ on the right side of the equation above
we guess that there is a square equals 0. i

root of I + N of the form
I+a;N+aN*+asN>+- - +a,,_ N" L.
.



Over C, Invertible Operators Have Square Roots

(Over C, invertible operators
have square roots

Suppose V is a complex vector space
and T € L(V) is invertible. Then T has

a square root.
\2 54 Y,

Proof Let A, ..., A\, be the distinct
eigenvalues of 7. For each j, there
exists a nilpotent operator N; €
ﬁ(G()\j, T)) such that T|G()\j,T) = )\jl +
N;. Because T is invertible, none of the
Aj’'s equals 0, so we can write

Tlapym = A (1 + ]Ij)

Clearly N;/ ) is nilpotent, and so

I + N;/)j has a square root.
Multiplying a square root of the
number \; by a square root of 7 4+ N;/);
gives a square root R; of Ty, 1)-

A typical vector v € V can be written
uniquely in the form

V=up+ -t Uy,
where each u; is in G(\;, T).
Using this decomposition, define an
operator R € L(V) by
Rv =Ryuy + -+ Ryuy,.

This operator R is a square root of 7,
completing the proof. il









@ F denotes either R or C.

@ V denotes a finite-dimensional nonzero vector space over F.




Definition of Characteristic Polynomial

(Definition: characteristic polynomiaI\

Suppose V is a complex vector space and
T € L(V). Let A1,..., A\, denote the dis-
tinct eigenvalues of 7, with multiplicities
dy,...,dy. The polynomial

(2= A% - (2 = Am)

\_

is called the characteristic polynomial of T)

Suppose T € £(C?) is defined by
T(z1,22,23) = (621+322+4z3,620+223,723).

The matrix of T (with respect to the
standard basis) is

(

Because the eigenvalues of T are 6, with
multiplicity 2, and 7, with multiplicity 1, the
characteristic polynomial of T is

(z—6)*(z—17).

S O
=N N

3
6
0



Definition of Characteristic Polynomial

(Definition: characteristic polynomiaI\

Suppose V is a complex vector space and
T € L(V). Let A1,..., A\, denote the dis-
tinct eigenvalues of 7, with multiplicities
dy,...,dy. The polynomial

(= A)D (2= Am)™

\_

(Degree and zeros of
characteristic polynomial

is called the characteristic polynomial of TJ

space and T € L(V). Then

T has degree dim V;

@ the zeros of the characteristic
polynomial of T are the
eigenvalues of T.

\_

Suppose V is a complex vector

@ the characteristic polynomial of

J




Cayley—Hamilton Theorem

( Cayley—Hamilton Theorem w

Suppose V is a complex vector space
and T € L(V). Let g denote the charac-
teristic polynomial of 7. Then ¢(T) = 0.

Proof Let A\,...,\, be the distinct
eigenvalues of the operator T.

Letd,,...,d, be the dimensions of the
corresponding generalized eigenspaces
GALT),...,G\, T).

Each (T — Ai)|g(»,,r) is nilpotent and
(T = ND% g1 = 0.

Every vector in V is a sum of vectors in
G\, T),...,G(Am, T). To prove that
q(T) = 0, we need only show that
q(T)|G(,r) = 0 for each j.
Thus fixj € {1,...,m}. We have

q(T) = (T — M) - (T — N\, D)%,

The operators on the right side of the
equation above all commute, so we can
move the factor (T — \;1)% to be the last
term in the expression on the right.

Because (T — \il)%|g(»,) = 0, we
conclude that ¢(7)|g(\,r) = 0, as
desired. i









Monic Polynomials

( Definition: monic polynomial w Example: The polynomial

2, 7
A monic polynomial is a polynomial whose 24927 +z
is @ monic polynomial of degree 7.

highest-degree coefficient equals 1.




Existence of Minimal Polynomial

w The Linear Dependence Lemma implies

that 7™ is a linear combination of
I,T,T?,..., 7" . Thus there exist
scalars ag, ay,as, . .. ,a,—1 € F such that

( Minimal polynomial

Suppose T € L(V). Then there is a

unique monic polynomial p of smallest 5 I
degree such that p(T) = 0. allta\T+a T+ - +am T +T7 =0.

Define a monic polynomial p € P(F) by

Proof Letn = dim V. The list p(2) = dot-arz+ @+ am12" 12",

2 n?
LT, T ...,T Then p(T) = 0.
is not linearly independent in L(V), No monic polynomial ¢ € P(F) with
because £(V) has dimension n*> and degree smaller than m can satisfy
the list has length n? + 1. Let m be the q(T) = 0. Suppose g € P(F) is a monic
smallest positive integer such that polynomial with degree m and ¢(T) = 0.
LT, T2, T" Then (p — ¢)(T) = 0 and deg(p — q) < m.

- Thus ¢ = p, completing the proof. il
is linearly dependent.



Definition of Minimal Polynomial

We have
(D L .
efinition: minimal polynomial 3M(I) — 6M(T) = —M(T)
Suppose T € L(V). The minimal with no solutions for lower powers.
polynomial of T is the unique Thus the minimal polynomial of T is
monic polynomial p of smallest 3 6z+2.
degree such that p(T) = 0. .
\ _/  Forgeneral T € L(V), consider the
Example: Let T be the operator on system of linear equations
C’ whose matrix is aoM(I)+ay M(T)+ - +apm  M(T)"' = = M(T)"
0000 -3 for successive values of m = 1,2, ...
1000 6 until this system of equations has a
0100 0 solution ag,aj,as, ..., apy_1.
0010 0 The scalars ag, a1, as, . . ., dm—1, 1 will
0001 0 then be the coefficients of the minimal
Find the minimal polynomial of T. polynomial of T.



Polynomials That Annihilate T

(q(T) = 0 implies q is a multiple oP

the minimal polynomial

Suppose T € L(V)and g € P(F). Then
q(T) = 0if and only if ¢ is a polynomial

multiple of the minimal polynomial of 7.
' p poly ")

Proof Let p denote the minimal
polynomial of T.

Suppose ¢ is a polynomial multiple
of p. Thus there exists a polynomial
s € P(F) such that ¢ = ps. We have

q(T) = p(T)s(T) =0,
as desired.

To prove the other direction, now suppose
q(T) = 0. By the Division Algorithm for
Polynomials, there exist polynomials

s,r € P(F) such that

q=ps+r
and degr < degp. We have
0=4¢q(T)
=p(T)s(T) + r(T)
=r(T).

The equation above implies that » = 0.
Thus ¢ = ps. Hence ¢ is a polynomial
multiple of p, as desired. i



Polynomials That Annihilate T

(q(T) = 0 implies q is a multiple oP

the minimal polynomial

(Characteristic polynomial is a\
multiple of minimal polynomial

Suppose T € L(V)and g € P(F). Then
q(T) = 0if and only if ¢ is a polynomial

multiple of the minimal polynomial of 7.
' p poly ")

Suppose F =C and T € L(V). Then
the characteristic polynomial of T is
a polynomial multiple of the minimal

olynomial of T.
\p y

J




Zeros of the Minimal Polynomial

(Eigenvalues are the zeros of the ) 0 =p(T)v
minimal polynomial (T = A (g(T)).

Let T € L£(V). Then the zeros of the Because the degree of ¢ is less than
minimal polynomial of T are precisely the degree of the minimal polynomial p,
the eigenvalues of T. there exists at least one vectorv € V

- / such that ¢(T)v # 0.

(F)’;o;f Let p be the minimal polynomial Thus A is an eigenvalue of 7.

First suppose A € F is a zero of p. We have shown that every zero of p is
Then p can be written in the form an eigenvalue of T.

p(2) = (z— N)q(2),

where ¢ is a monic polynomial.
Now for every v € V we have



Zeros of the Minimal Polynomial

(Eigenvalues are the zeros of the\
minimal polynomial

Let T € L(V). Then the zeros of the
minimal polynomial of T are precisely

the eigenvalues of T.

. J
Proof Let p be the minimal polynomial

of T.

Suppose \ € F is an eigenvalue of T.
Thus there exists v € V with v £ 0 such
that

Tv = \v.

Repeated applications of T to both
sides of this equation show that

Ty = Ny

for every nonnegative integer j. Thus
p(T)v = p(A)v.

Now

0=p(T)v

=p(A)v.

Because v # 0, the equation above
implies that p(\) = 0.
We have shown that every eigenvalue
of T is a zero of p. i



Example: Suppose T € £(C?) is Example: Suppose T € £(C?)is
defined by defined by
T(z1,22,23) = (621+322+423, 62204223, 723). T(z1,22,23) = (621,622, 723).
The eigenvalues of T are 6 and 7. For this operator 7, the eigenvalues of
Thus the minimal polynomial of T is a T are 6and 7.
polynomial multiple of (z — 6)(z — 7). The characteristic polynomial of T is
The characteristic polynomial of 7' is (z—6)%(z—1).
(z—6)*(z—7). Thus the minimal polynomial of T is
Thus the minimal polynomial of T is either (z —6)(z —7) or (z— 6)*(z — 7).
either (z — 6)(z —7) or (z — 6)*(z — 7). A simple computation shows that
A simple computation shows that (T — 61)(T — 7I) = 0.
(T —6I)(T —TI) #0. Thus the minimal polynomial of T is
Thus the minimal polynomial of T is (z—6)(z—1).
(z—6)2(z—17).









@ F denotes either R or C.

@ V denotes a finite-dimensional nonzero vector space over F.




fBasis corresponding to a nilpotenp
operator

Suppose N € L(V) is nilpotent. Then there
exist vectors vy, ..., v, € V and nonnegative
integers my, ..., m, such that

@ N™vyy,....Nvi,vi,...,N™v, ... .Nvy, v,
is a basis of V;
Ko Nty — U . U: I\Im"tlvn =0. y
00 01 |
00 00O

Example: Let N € L(F®) be the

nilpotent operator defined by

N(Z17227Z37Z47Z5)Z6) - (07Z1722707Z470)'

Letv; = (1,0,0,0,0,0),

v, = (0,0,0,1,0,0),

v; = (0,0,0,0,0,1).

With respect to the basis
szluNV17V17NV27V27V37

the matrix of N is
0 1

00
00
00
00
00

S oo o~ O
SO O o OO
eNel S oNeNe]
S O O O OO




(Definition: Jordan basis A

Suppose T € L(V). A basis of V is called
a Jordan basis for T if with respect to this
basis T has a block diagonal matrix

Aq 0
0 Ap
where each 4; is of the form
A1 0
Aj=
1
0 Aj
\ J

Jordan Basis and Jordan Form

ﬁlordan Form w

Suppose V is a complex vector space.
If T € L(V), then there is a basis of V
that is a Jordan basis for T.

Proof Let Aq,...,\, be the distinct
eigenvalues of 7. We have the
generalized eigenspace decomposition

V=G, T)D - ®GAn,T),

where each (T — \iI)|g(y;,r) is nilpotent.
Thus some basis of each G();,T) is a
Jordan basis for (T — \il) gy, 1)- Put
these bases together to get a basis

of V that is a Jordan basis for 7. il









@ F denotes either R or C.

@ V denotes a finite-dimensional nonzero vector space over F.




Complexification of a Vector Space

A (VC is a complex vector space. b

(Definition: complexification of V, V¢

Suppose V is a real vector space. Suppose V is a real vector space.
@ The complexification of V, denoted V¢, kThen V¢ is a complex vector space. y
equals V x V. An element of V¢ is an ~

ordered pair (u, v), where u,v € V, but we (Basis of V is basis of Ve
will write this as u + iv.

@ Addition on V¢ is defined by
(u1 +iV1) + (uz +iV2> = (u1 +u2) + i(V1 —|—v2)

Suppose V is a real vector space.

@ Ifvy,...,v,is abasis of V (as a real
vector space), then vy, ..., v, isa

for ui, vi,uz, v € V. basis of V¢ (as a complex vector
@ Complex scalar multiplication on V¢ is space).
defined by @ The dimension of V¢ (as a complex
(a+ bi)(u+iv) = (au — bv) + i(av + bu) vector space) equals the dimension

of V (as a real vector space).

9 fora,b c Rand u,v € V. ) J




Complexification of an Operator

(Definition: complexification of T, TC\

Suppose V is a real vector space and
T € L(V). The complexification of T,
denoted T, is the operator T¢c € L(Vc)
defined by

Tc(u+iv) = Tu+iTv

\foru,veV. )

Example: Suppose A is an n-by-n matrix
of real numbers. Define T € L(R") by

Tx = Ax,

where elements of R” are thought of as
n-by-1 column vectors.

Identifying the complexification of R”
with C", we then have
Tcz=Az

for each z € C", where again elements
of C" are thought of as n-by-1 column
vectors.

(Matrix of T¢ equals matrix of T A

Suppose V is a real vector space with
basis vi,...,v, and T € L(V). Then
M(T) = M(T¢), where both matrices

\are with respect to the basis vy, ..., v,. )




Invariant Subspaces

(Every operator has an invariant
subspace of dimension 1 or 2

Every operator on a nonzero finite-
dimensional vector space has an

\_

invariant subspace of dimension 1 or 2.)

Proof Every operator on a nonzero
finite-dimensional complex vector
space has an eigenvalue and thus has
a 1-dimensional invariant subspace.

Hence assume V is a real vector
spaceand T € L(V).

The complexification T¢ has an
eigenvalue a + bi, where a,b € R.
Thus there exist u,v € V, not both 0,
such that
Tc(u+iv) = (a+ bi)(u+iv).

The last equation can be rewritten as

Tu + iTv = (au — bv) + (av + bu)i.
Thus

Tu=au—bv and Tv=av+ bu.

Let U equal the span in V of the list

u,v. Then U is a subspace of V with
dimension 1 or 2.

The equations above show that U is
invariant under 7, completing the proof. il



Minimal Polynomial of the Complexification

Suppose V is a real vector space and

( ntini . R
T € £(V). Repeated application of the Minimal polynomial of Tc equals
definition of T shows that minimal polynomial of T
(Te)"(u+iv) = T"u+iT" Suppose V is a real vector space and
for every positive integer n and all T € L(V). Then the minimal polynomial
u,v V. \of T¢ equals the minimal polynomial of T)




Eigenvalues of the Complexification

(| : )

Real eigenvalues of T¢ (| Multiplicity of \ equals multiplicity

. of \

Suppose V is a real vector space,

T e L(V),and A € R. Then Xis an Suppose V is a real vector space, T € L(V),

eigenvalue of T¢ if and only if A is and \ € C is an eigenvalue of T¢c. Then

an eigenvalue of T. the multiplicity of \ as an eigenvalue of T¢
\_ J I < :

equals the multiplicity of A as an eigenvalue

(Nonreal eigenvalues of T.) \° Tc:

J

come in pairs

Suppose V is a real vector space,
T € L(V),and A € C. Then X is an
eigenvalue of T¢ if and only if X is

an eigenvalue of T¢.
\2" e c Y




Operators on Odd-Dimensional Vector Space Have Eigenvalues

p space with odd dimension and
vector space has eigenvalue Te L.

LEvery operator on an odd—dimensionaj Because the nonreal eigenvalues of

real vector space has an eigenvalue_ Tc come in pairS with equal mUItIpIIClty,
the sum of the multiplicities of all the

nonreal eigenvalues of T¢ is an even
number.

Because the sum of the multiplicities
of all the eigenvalues of T¢ equals the
(complex) dimension of V¢, this
implies that T¢ has a real eigenvalue.
Every real eigenvalue of T¢ is also an
eigenvalue of T, giving the desired
result. i

(Operator on odd-dimensionaq Proof Suppose V is a real vector




Characteristic Polynomial of Complexification

( Characteristic polynomial of T¢ w (e A" = N" = (2= Az = N)"

Suppose V is a real vector space and = (& —2(Re Xz + [AP)",
T € E(V) Then the Coeff|C|entS Of the Wh|Ch has real Coefficients_

characteristic polynomial of T¢ are all real. The characteristic polynomial of T¢ is

the product of terms of the form above
and terms of the form (z — £)¢, where ¢

Proof Suppose A is a nonreal eigenvalue
of T¢ with multiplicity m. Then X is also an . . .

. : L is a real eigenvalue of T¢ with
eigenvalue of T¢ with multiplicity m.

o _ multiplicity d.
Thus the characteristic polynomial of 7¢ Thus the coefficients of the

includes factors of (z — A\)™ and (z — \)™. L .
o characteristic polynomial of T¢ are all
Multiplying together these two factors, we real. B

have



Characteristic Polynomial

(Definition: Characteristic
polynomial

\

kcharacteristic polynomial of T¢.

Suppose V is a real vector space and
T € L(V). Then the characteristic
polynomial of T is defined to be the

J

Example: Suppose T € L(R?) is
defined by
T(x1,x2,x3) = (2x1,%2 — x3,%2 + X3).

The eigenvalues of T¢ are 2, 1 + i, and
1 — i, each with multiplicity 1.

Thus the characteristic polynomial of
the complexification T¢ is

(z—2)(z— (140)(z— (1 =),
which equals
2 —4 + 67— 4.

Hence the characteristic polynomial of
T is also

2 — 472 + 67— 4.



Properties of the Characteristic Polynomial

(Degree and zeros of
characteristic polynomial

(Cayley—Hamilton Theorem R

T € L(V). Then

@ the coefficients of the
characteristic polynomial of T
are all real;

@ the characteristic polynomial of
T has degree dim V;

@ the eigenvalues of T are
precisely the real zeros of the
characteristic polynomial of T.

\_

Suppose V is a real vector space and

Suppose T € L(V). Let g denote the char-
acteristic polynomial of 7. Then ¢(T) = 0.

\ J
(Characteristic polynomial is a multi)
ple of minimal polynomial

J

Suppose T € L(V). Then
@ the degree of the minimal polynomial
of T is at most dim V;
@ the characteristic polynomial of T is a
polynomial multiple of the minimal

polynomial of T.

\_ J










@ F denotes either R or C.

@ V denotes a finite-dimensional nonzero inner product space over F.




Normal but not Self-Adjoint Operators

~

(Normal but not self-adjoint operators

Suppose dimV =2, F =R, and T € L(V). Then the following are equivalent:

(a) T is normal but not self-adjoint.
(b) The matrix of T with respect to every orthonormal basis of V has the form

a —b
b a ’
with b # 0.

(c) The matrix of T with respect to some orthonormal basis of V has the form

(5 %)

\ with b > 0. y




Normal Operators and Invariant Subspaces

(Normal operators and invarianp
subspaces

Letey,..
of U. Extend to an orthonormal basis
coslmfi, .- fuof V. Thus

Suppose T € L(V) is normal and U
is a subspace of V that is invariant
under T. Then

(a) U* is invariant under T;

(b) U is invariant under T*;

©) (T|v)* = (T")lu;

(d) T|y € £(U) and T|y. € L(UY)

are normal operators.
\_ P Y,

., e, be an orthonormal basis

er ... emf1 fn

€]

. A B
€m
h

: 0 C
Jn

Because T is normal,

m m

D ITel? =D (1T
j=1 j=1

Thus B is the matrix of all 0’s, proving (a).




Description of Normal Operators on Real Inner Product Spaces

(Characterization of normal operators\
whenF =R

Suppose V is a real inner product space and
T € L(V). Then the following are equivalent:

(a) T is normal.

(b) There is an orthonormal basis of V with
respect to which T has a block diagonal
matrix such that each block is a 1-by-1
matrix or a 2-by-2 matrix of the form

(5 )
\ with b > 0. N










Review of Isometries

(Definition: isometry

~

(E very isometry is normal h

.

@ An operator S € L(V) is called an
isometry if
[1SvIl = [Iv]
forallv e V.

@ In other words, an operator is an
isometry if it preserves norms.

Suppose S € L(V). Then the following
are equivalent:

@ Sis anisometry.
@ S*S=1.

J

\ @ SS*=1. )




Examples of Isometries

Example: Let 6§ € R. Then the (cos6,sin )
operator on R? of counterclockwise
rotation by an angle of 6 is an isometry,
as is geometrically obvious.

The matrix of this operator with respect 1
to the standard basis is

cos —sinf
sinf cosf ’

If 6 is not an integer multiple of 7, then
no nonzero vector of R* gets mapped

to a scalar multiple of itself, and hence
the operator has no eigenvalues.




Description of Isometries on Real Inner Product Spaces

Proof Suppose (a) holds, so S is an
(Description of isometries whenF — R | isometry. There is an orthonormal
basis of V with respect to which S has
Suppose V is a real inner product space and | a block diagonal matrix such that each
S € L(V). Then the following are equivalent: | block is a 1-by-1 matrix or a 2-by-2
matrix of the form

(a) Sis anisometry.
(b) There is an orthonormal basis of V with < Z b ) ,
respect to which S has a block diagonal a

matrix such that each block on the diago- | With 5 >0. _
nal is a 1-by-1 matrix containing 1 or —1 | [f Ais anentry in a 1-by-1 matrix along

or is a 2-by-2 matrix of the form the diagonal of the matrix of S, then
: A=1lor\=—1.Becausea® +b* =1
cosf) —sinf
sind  cosf | and b > 0, we can choose 6 € (0, 7)
such that a = cos 6 and b = sin 6.

with 6 € (0, ). ) Thus the matrix has the required form,
proving that (a) implies (b).













@ F denotes either R or C.

@ V denotes a finite-dimensional nonzero vector space over F.




Identity Matrix; Inverse of a Matrix

(Definition: identity matrix, | h

rDefinition: invertible, inverse, A~!

Suppose n is a positive integer. The
n-by-n diagonal matrix
1 0
1= .
0 1

is called the identity matrix.
\ Y y

A square matrix A is called invertible if
there is a square matrix B of the same
size such that

AB =BA =1,
we call B the inverse of A and denote it

AL
Y y,




Matrix of an Operator

(Definition: matrix of an operator)
M(T) Vi ... Vi ... Vyu
wi Aq
M(T) =

Wn Ak

)

Suppose T € L(V) and vy,...,v, and
wi, ..., w, are bases of V. The matrix
of T with respect to these bases is the
n-by-n matrix M(T) whose entries A«

are defined by The k" column of M(T) consists of the

scalars needed to write Tv; as a linear

9 Tvp = Ay w1 + -+ - + An W D combination of wi, ..., wy:

n
If the bases are not clear from the Ty, = ZAJ' W
context, then use the notation = ’

M(T, (vi,..o,vn), (Wi, oo wy)).
(7. o s ) ML (viyevn), (Vi eevn)) =1



Matrix of the Identity with Respect to Two Bases

( The matrix of the product of operators \
M(yra(ul?"'? u)ﬂn oo n)
M(S,(Vl,.. wll?:" ) ul:"'vun)v(vlv"'avn))‘
)

(Matrix of the identity with

respect to two bases ,
P Proof  In the result above, replace w; with u;,

and replace S and T with I, getting

Suppose uy,...,u, and vy, ..., v,

are bases of V. Then I=M(L (v, .. vn), (U1, ... )
M(I, (ul,...,un),(vl,...,vn)) /\/l(l, (U, ... up), (vl,...,vn)).

and Now interchange the roles of the u’s and v’s,

M(I, Vi, ..y vn), (a1, . .. ,un)) getting the product in the other order. il

@re inverses of each other. )




Change of Basis Formula

( The matrix of the product of operators w

M(SI, (- ), (Wi - - -5 W) =
M(l", (V],. ..,Vn)?(u’]lw'“»wm))M(T? (uh"‘7”")7(v17"'?v”))'

7\ Proof Inthe result above, replace w; with u;

(" .
Change of basis formula and replace § with I, getting
Suppose T € L(V). Letuy,...,u, and M(T(ur, ... 1))
Vi,...,v, be bases of V. Let — AT M(T, (- t), (01, -2 v0))-
A= M(I (1), (Vi) Now in result above replace w; with v;. Also
Then replace T with I and replace S with 7, getting
M(T,(ul, ey Up) M(Tv(”h ey tn), (V1 aVn))
= AT M(T, (v1,. .., v))A. = M(T, (v1,...,vn))A.
- J Substitute, getting the desired result. i










Review of Multiplicity

(e . e )
Definition: Multiplicity (Definition:  Repeated accord to )
multiplicit
Suppose T € L(V) and X is an eigen- prcity
value of T. Then Suppose T € L(V). The phrase ‘with
multiplicity of X\ = dim G(\, T) each eigenvalue repeated according to
L dim V its multiplicity means that if A,..., A\,
\_ = et bl = ) Yy, are the distinct eigenvalues of T with
~ multiplicities d, . . ., d,, then we create
(Sum of multiplicities a list with \; listed 4, times, ..., \,
listed d,, times. If F = C, then this list
Suppose V is a complex vector space has length dim V.
and T € L(V). Then the sum of the - J
multiplicities of all the eigenvalues of T
unals dim V. )




Trace of an Operator

(Definition: trace of an operator

Suppose T € L(V).

@ If F = C, then the trace of T is the
sum of the eigenvalues of T, with
each eigenvalue repeated
according to its multiplicity.

@ If F = R, then the frace of T is the
sum of the eigenvalues of T¢, with
each eigenvalue repeated
according to its multiplicity.

kThe trace of T is denoted by trace T.

Example: Suppose T € £(C?) is the
operator whose matrix is

3 -1 -2
32 =3 ].
1 2 0

Then the eigenvalues of T are 1, 2 + 3i,
and 2 — 3i, each with multiplicity 1, as you
can verify. Thus
traceT = 1+ (2+ 3i) + (2 — 3i)
=5.



Trace and Characteristic Polynomial

(Trace and characteristic
polynomial

~

I ial of T.
_Polynomial o

Suppose T € L(V). Let n = dim V.
Then trace T equals the negative of the
coefficient of z#~! in the characteristic

J

Proof Suppose Ap,..., A, are the
eigenvalues of T (or of T¢ if V is a real
vector space) with each eigenvalue
repeated according to its multiplicity. Then
the characteristic polynomial of T equals

(z= A1) (2= ).

Expand the polynomial above to write the
characteristic polynomial of 7' in the form

=+ -+>\n)z”_1+- c (=) A A

The expression above gives the desired
result. B



Trace of a Matrix

Suppose T € L(V), F = C, and we Example: Suppose
choose a basis of V corresponding to 3 -1 -2
the Decomposition Theorem. Then A= ( 3 2 -3 ) )
trace T equals the sum of the diagonal 1 2 0
entries of that matrix.

Then
( Definition: trace of a matrix w traced = i 240

The trace of a square matrix A, denoted

tltaceA, is def.med to be the sum of the (Trace of AB equals trace of BA ]
diagonal entries of A.

If A and B are square matrices of the
same size, then

trace(AB) = trace(BA).




Trace Does Not Depend on Basis

(Trace of matrix of operator does not b
depend on basis

Let T € L(V). Suppose uy,...,u, and vy, ..., v, are
bases of V. Then

CraceM(T, (ug,... 7un)) = traceM(T, (viy. .. ,vn)).

_J

Proof LetA = /\/l(l, (ul,...,un),(vl,...,vn)).
Then

trace./\/l(T, (upy. .., un)) = trace (A_IM(T, (Viy... ,vn))A)
= trace(M (T, Viy.o e, vn))AA_l)
= trace./\/l(T, (vi,... ,vn)).

The last equality completes the proof. B



Trace of an Operator Equals Trace of Its Matrix

Trace of an operator equals trace |  as we have already discussed, if V is a
of its matrix complex vector space, then choosing

the basis given by the Decomposition
Suppose T € L(V). Then
PP V) Theorem gives the desired result.

trace T = trace M (T).
() If V is a real vector space, then

Proof  To show that applying the complex case to the
complexification T¢ (which is used to
define trace T) gives the desired result.

trace T = trace M(T)

for every basis of V, we need only [ |
show that the equation above holds for
some basis of V.




Trace in Additive

( Trace is additive w Proof Choose a basis of V. Then
trace(S + T) = trace M(S+T)
= trace(M(S) + M(T))
= trace M(S) + trace M(T)
= trace S 4 traceT,

Suppose S,T € L(V). Then
trace(S + T) = trace S + traceT.

completing the proof. il




Exercises

° Szuppose P e L(V) satisfies @ Suppose V is a complex inner
P = P. Prove that product space and T € L(V). Let
trace P = dim range P. AL, -, Ay be the eigenvalues of T,
e Suppose V is an inner product repeated according to multiplicity.
Suppose

space with orthonormal basis
er,...,epand T € L(V). Prove that Al ... A,
trace(T*T) = ||Tey||> + - - - + || Te,||*. : :

Ant oo Aug

Conclude that the right side of the
equation above is independent of is the matrix of T with respect to
the orthonormal basis ey, .. ., e,. some orthonormal basis of V.
@ Suppose V is an inner product Prove that
space. Prove that e
P P AP YD A
(S,T) = trace(ST™) k=1 j=1

defines an inner product on L(V).









@ F denotes either R or C.

@ V denotes a finite-dimensional nonzero vector space over F.




Definition of Determinant of an Operator

(Definition: determinant of an operator,\
detT

Suppose T € L(V).

@ If F = C, then the determinant of T is the
product of the eigenvalues of 7, with each
eigenvalue repeated according to its
multiplicity.

@ If F = R, then the determinant of T is the
product of the eigenvalues of T¢, with
each eigenvalue repeated according to its
multiplicity.

The determinant of T is denoted by det T

g J

If A1,..., Ay are the distinct
eigenvalues of T (or of T¢ if V is a real
vector space) with multiplicities
dy,...,dy, then the definition implies

det T = 201 \dn,

Or if you prefer to list the eigenvalues
with each repeated according to its
multiplicity, then the eigenvalues could
be denoted Ay, ..., A\, (where the index
n equals dim V) and the definition
implies

detT =M\ Ay



detT

(Definition: determinant of an operator,\

Suppose T € L(V).

@ If F = C, then the determinant of T is the
product of the eigenvalues of 7, with each
eigenvalue repeated according to its
multiplicity.

@ If F = R, then the determinant of T is the
product of the eigenvalues of T¢, with
each eigenvalue repeated according to its
multiplicity.

The determinant of T is denoted by det T

g J

Example: detl =1

Example: Suppose T € L(F?) is the
operator whose matrix is

3 -1 =2
32 =3 1.
1 2 0

Then the eigenvalues of T (or T¢) are
1, 2 + 3i, and 2 — 3i, each with
multiplicity 1.
Thus
detT=1-(243i)-(2-3i)
=13.



Determinant and Characteristic Polynomial

(Determinant and A Proof Suppose A, ..., \, are the
characteristic polynomial eigenvalues of T (or of T¢ if V is a real
vector space) with each eigenvalue
Suppose T € L(V). Letn = dim V. repeated according to its multiplicity.
Then det T equals (—1)" times the Then the characteristic polynomial of T
constant term of the characteristic equals
kpolynomlal of T. ) (L= M) (2= M),

Expand the polynomial above to write the
characteristic polynomial of T in the form

Z”_()\H_. . ._|_)\n)Z"*1_|_. . ._|_(_]>"(/\1 R )\n).

The expression above gives the desired
result. i



Invertible is Equivalent to Nonzero Determinant

( T invertible <= detT # 0 w

An operator on V is invertible if and only
if its determinant is nonzero.

Now consider the case where V is a real

Proof First suppose V is a complex vector space and T € L(V).

T .
vector space and '€ L(V) Again, T is invertible if and only if 0 is not

The operator T is invertible if and only an eigenvalue of 7, which happens if and
if 0 is not an eigenvalue of T. only if 0 is not an eigenvalue of T¢
(because T¢ and T have the same real

Clearly this happens if and only if the '
eigenvalues).

product of the eigenvalues of T is not 0.
Thus T is invertible if and only if Thus again we see that T is invertible if
det T # 0, as desired. and only if det T # 0. i



Characteristic Polynomial of T Equals det(zl — T)

Characteristic polynomial of T Let A\y,..., A\, denote the eigenvalues of T,
=det(zl = T) repeated according to multiplicity.

Thus for z € C, the eigenvalues of zI — T
arez— Ar,...,z2— A\, repeated according
to multiplicity. The determinant of zI — T is
the product of these eigenvalues. Thus

det(zl = T) = (z— A1) (2= ).
The right side of the equation above is, by
definition, the characteristic polynomial
of 7, completing the proof when F = C.
Now suppose F = R. Applying the

complex case to T¢ gives the desired
result. B

Suppose T € L(V). Then the characteristic
polynomial of T equals det(z — T).

Proof First suppose F = C. If A,z € C, then
—(T—=MN)=(d—-T)—(z— NI

Thus X is an eigenvalue of T if and only if
z— A is an eigenvalue of zI — T. Raising both
sides of this equation to the dim V power
and then taking null spaces of both sides
shows that the multiplicity of A as an
eigenvalue of T equals the multiplicity of
z— A as aneigenvalue of zI — T.



(Definition: permutation, permn A (Definition: sign of a permutation A
@ A permutationof (1,...,n)is a The sign of a permutation (m,...,m,) is
list (m;,...,m,) that contains defined to be 1 if the number of pairs of
each of the numbers 1,... n integers (j, k) with 1 <j < k < n such that
exactly once. Jj appears after k in the list (my, ..., my) is
@ The set of all permutations of even and —1 if the number of such pairs
9 (1,...,n) is denoted permn. y /S odd. Y,
(I h ] ) In other words, the sign of a permutation
nterc an_glng two entries in a equals 1 if the natural order has been
permutation changed an even number of times and
Interchanging two entries in a per- eﬁuals ;1 i tf:jednatursl or(:ei_r has been
mutation multiplies the sign of the changed an odd numboer of imes.
ermutation by —1.
\> A J




Definition of Determinant of a Matrix

(Definition: determinant of a matrix, det A

~N

Suppose A is an n-by-n matrix
, Al

A= : :

A1 Ann

The determinant of A, denoted det A, is defined by

detA = Z

(m1,...;my)Epermn
\_

(sign(ml, e ,m,,))Aml’l A ]

J

Example: Suppose
A *
A= .y
0 Ann

The permutation (1,2, ...,n) has
sign 1 and thus contributes a term
of Ay 1 --- Ay, to the sum defining
det A. All other permutations
(my,...,m,) € permn contain at
least one m; > j, which means that
Ap,j = 0. Thus all the other terms
in the sum make no contribution.
Hence

detA = A1’1 . 'An,n-



Determinant is Multiplicative

(Determinant is multiplicative

~

same size. Then

\

Suppose A and B are square matrices of the

det(AB) = det(BA) = (det A)(det B).

J

not depend on basis

(Determinant of matrix of operator does

~

Let T € L(V). Suppose uy,...,u, and
vi,...,v, are bases of V. Then
\det./\/l(T, (uyy. .. ,un)) = det./\/l(T, (viy... ,v,,)))

Proof Let

A= M(I) (ula---aun)v (vlv"'7vn))'
Then

detM(T, (ug,... ,u,,))

= det (AilM(T, (viy... ,v,,))A)
= det (M (T, (v, ... ,vn))AA_l)

:det./\/l(T, (vl,...,vn)).

The last equality completes the proof.
| |



Determinant of Operator Equals Determinant of Its Matrix

Determinant of operator equals
determinant of its matrix ( Determinant is multiplicative W

LSuppose T € L(V). Then detT =J Suppose S, T € £(V). Then
det M(T).
et M) det(ST) = det(TS) = (det S)(det T).

Proof To show that det T = det M(T) for

every basis of V, we need only show that Proof - Choose a basis of V. Then
the result holds for some basis of V. det(ST) = det M(ST)

If F = C, then choosing the basis given by = det (M(S)M(T))

the Decomposition Theorem gives the = (det M(S)) (det M(T))
desired result. = (det S)(det T).

If F = R, then applying the complex case to Interchanging S and T'gives

the complexification T¢ gives the desired det(TS) = (det T)(det $)
result. ll © — \¢¢ ©









(Definition: isometry D

Suppose V is an inner product space.
An operator S € L(V) is called an
isometry if

[1SvIl = [Iv]
\for allveV. )

(Isometries have determinanp

with absolute value 1

Suppose V is an inner product space
and S € £(V) is an isometry. Then

|det S| = 1.

\ J

If S'is an Isometry, Then |det S| =1

Proof First suppose F = C.

Then all the eigenvalues of S have
absolute value 1. Thus the product of
the eigenvalues of S, counting
multiplicity, has absolute value one. In
other words,

|det S| =1,
as desired.

Now suppose F = R.

With respect to the inner product on
the complexification V¢, it is easy to
see that S¢ is an isometry on V.
Thus |det Sc| = 1. Hence |det S| =1,
completing the proof. il



|det T| = det VT*T

(Definition: isometry h (|det T| = det VT*T h
Suppose V is an inner product space. Suppose V is an inner product space
An operator S € L(V) is called an and T € £(V). Then
isometry if

Y |det T| = det VT*T.
[1Svll = [Iv] NS -

\for allveV ) Proof By the Polar Decomposition,

there is an isometry S € £(V) such that

(Isometries have determinanp T =8SVT*T.
with absolute value 1 Thus
Suppose V is an inner product space |det T| = |det S| det vVT*T
and S € £(V) is an isometry. Then — det VT'T

. [det | = 1. ) as desired. i




Volume

D )

efinition: box ) (Definition: volume

A box in R" is a set of the form Suppose 2 c R". The volume of
), denoted volume {2, is defined

e, R":x; <y <xi+riforj=1,...,n}, s
o o) € % <y < Xt 1ory n} to be the infimum of

where each r; > 0 and (xi,...,x,) € R". The ; . ; .
numbers ri, ..., r, are called the side lengths of VRILRTS ) = VOIS ) 52 @ o0
\the box. ) where the infimum is taken over

all sequences By, B;, ... of boxes

in R"” whose union contains €.
(Definition: volume of a box A > <
The volume of a box B in R" with side lengths Notation: 7'(2)
r,...,r, is defined to be r; - - - r, and is denoted For T: 0 — R", define T(2) by
by volume B. y
- T(Q) = {Tx: x € Q).

\_ J




Positive Operators Change Volume by Determinant

(Positive operators change vqumQ
by factor of determinant

Suppose T € L(R") is a positive operator
and Q2 C R". Then

volume T(Q2) = (det T)(volume ). y

First consider the special case
where \j, ..., \, are positive numbers and

T(xl,. . ,Anxn)'

This operator stretches the /! standard

basis vector by a factor of A;. If Bis a box in
R" with side lengths ry, ..., r,, then T(B) is
a box in R" with side lengths A\iry, ..., A\

Proof

X)) = (A, ..

Note that det 7' = Ay - -- A,. Thus
volume T'(B) = (det T')(volume B)
for every box B in R". Thus
volume 7(2) = (det T)(volume ).

Now consider an arbitrary positive
operator T € L(R"). By the Real Spectral
Theorem, there exist an orthonormal basis
el,...,e, Of R” and nonnegative numbers
AL, ..., A, such that Te; = \je; for
j=1,...,n. This operator stretches the ji
basis vector in an orthonormal basis by a
factor of \;. Thus T multiplies volume by a
factor of A\; - - - \,;, which again equals

det 7. i



(Isometries do not change A

volume

Suppose S € L(R") is an isometry
and 2 C R”. Then

volume S(€2) = volume Q.

\ J

Proof 1 For x,y € R", we have
[[Sx = Syl = [IS(x = y)l
=[x =yl
In other words, S does not change the

distance between points.
Thus S does not change volume. Bl

Isometries Do Not Change Volume

Proof 2 Consider our complete
description of isometries on real inner
product spaces.

The isometry S can be decomposed
into pieces, each of which is the
identity on some subspace (which
clearly does not change volume) or
multiplication by —1 on some
subspace (which again clearly does
not change volume) or a rotation on a
2-dimensional subspace (which again
does not change volume). il



T Changes Volume by Factor of |det T'|

(volume T(Q2) = |det T|(volume Q) w

Suppose T € L(R") and ©2 C R". Then
volume T'(§2) = |det T'|(volume €2).

Proof By the Polar Decomposition,
there is an isometry S € £(V) such that

T =SVT*T.
Thus T(2) = S(VT*T(12)). Hence
volume 7'(§2) = volume S(\/W(Q))
= volume VT*T(Q)
= (det v/T*T)(volume Q)
= |det T|(volume ),
as desired. i




(Definition: integral, [, f b

Suppose 2 € R* and f: Q@ — R. The
integral of f over 2, denoted

1o [ e

is defined by breaking €2 into pieces small
enough that f is almost constant on each
piece. On each piece, multiply the (almost
constant) value of f by the volume of the
piece, then add up these numbers for all
the pieces, getting an approximation to the
integral that becomes more accurate as €2

is divided into finer pieces.
Cs ivi i i pi )

Integration

Actually, © in the definition needs to
be a reasonable set (for example,
open or measurable) and f needs
to be a reasonable function (for
example, continuous or
measurable).

Notice that the x in [, f(x)dxis a
dummy variable and could be
replaced with any other symbol.



Differentiation

(Definition: differentiable,
derivative, o' (x)

~N

Suppose 2 C R*and o: Q2 — R". The
function o is called differentiable at a
point x € Q if there exists an operator
o'(x) € L(R") such that

lo(x+y) —o(x) — (' )yll _

lim =0.

y=0 [l

\_

J

The idea of the derivative is that for x
fixed and ||y|| small,

olx+y) ~o(x)+ (U'(x))y.

We can write

o(x) = (o1(x),...,0a(x)),
where each g; is a function from Q
to R. The partial derivative of o; with
respect to the k" coordinate is
denoted Dyo;. Evaluating this partial
derivative at a point x € Q gives
Dyoj(x). If o is differentiable at x, then
the matrix of o’(x) with respect to the
standard basis of R" contains Dyoj(x)
in row j, column k. In other words,

Dioi(x) Dyoi(x)

D10y(x) ... Dpoal)



Change of Variables in an Integral

(Change of variables in an integrap

Suppose {2 is an open subset of R” and
o: Q — R" is differentiable at every point
of Q. Iff is a real-valued function defined
on o(2), then

))|det o’ (x)] dx.

shows that
volume ¢ (I") ~ volume[(c/(x)) (I)].
Hence
volume o(T") ~ |det o’ (x)|(volumeT').

Let w = o(x). Multiply the left side of
the equation above by f(w) and the

T o s

Proof Letx € Q andletT be a small
subset of 2 containing x such that f is
approximately equal to the constant
f(o(x)) on the set o(T").
The approximation

o(x+y) = o(x)+ (d/(x))y

J

right side by f (o (x)), getting

f(w) volume o(I') = f (o (x))|det o’ (x)|(volumeT").
Now break €2 into many small pieces

and add the corresponding versions of

the equation above, getting the desired
result. B

~
~









