
Inner Products and Norms, part 2: Norms



Norms

Definition: norm, ‖v‖

For v ∈ V, the norm of v, denoted ‖v‖,
is defined by

‖v‖ =
√
〈v, v〉.

If (z1, . . . , zn) ∈ Fn, then

‖(z1, . . . , zn)‖ =
√
|z1|2 + · · ·+ |zn|2.

In the vector space of continuous
real-valued functions on [−1, 1] with
inner product 〈f , g〉 =

∫ 1
−1 f (x)g(x) dx,

we have

‖f‖ =

√∫ 1

−1

(
f (x)

)2 dx.

Basic properties of the norm

Suppose v ∈ V.
‖v‖ = 0 if and only if v = 0.
‖λv‖ = |λ| ‖v‖ for all λ ∈ F.

Proof:Suppose λ ∈ F. Then

‖λv‖2 = 〈λv, λv〉
= λ〈v, λv〉
= λλ̄〈v, v〉
= |λ|2‖v‖2.

Taking square roots now gives the desired
equality.
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Orthogonality

Definition: orthogonal

Two vectors u, v ∈ V are called orthogonal
if 〈u, v〉 = 0.

Orthogonality and 0

0 is orthogonal to every vector in V.
0 is the only vector in V that is
orthogonal to itself.

Pythagorean Theorem

Suppose u and v are orthogonal
vectors in V. Then

‖u + v‖2 = ‖u‖2 + ‖v‖2.

Proof

‖u + v‖2 = 〈u + v, u + v〉
= 〈u, u〉+ 〈u, v〉+ 〈v, u〉+ 〈v, v〉
= ‖u‖2 + ‖v‖2
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Woman Teaching Geometry



Cauchy–Schwarz Inequality

Cauchy–Schwarz Inequality

Suppose u, v ∈ V. Then

|〈u, v〉| ≤ ‖u‖ ‖v‖.
This inequality is an equality if and only if one of u, v is a scalar
multiple of the other.

Examples:

If x1, . . . , xn, y1, . . . , yn ∈ R, then

|x1y1 + · · ·+ xnyn|2 ≤ (x1
2 + · · ·+ xn

2)(y1
2 + · · ·+ yn

2).

If f , g are continuous real-valued functions on [−1, 1], then∣∣∣∫ 1

−1
f (x)g(x) dx

∣∣∣2 ≤ (∫ 1

−1

(
f (x)

)2 dx
)(∫ 1

−1

(
g(x)

)2 dx
)
.
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Triangle Inequality

Triangle Inequality

Suppose u, v ∈ V. Then

‖u + v‖ ≤ ‖u‖+ ‖v‖.
This inequality is an equality if and only
if one of u, v is a nonnegative multiple
of the other.

u + v

v

u

Proof

‖u + v‖2 = 〈u + v, u + v〉
= 〈u, u〉+ 〈v, v〉+ 〈u, v〉+ 〈v, u〉
= 〈u, u〉+ 〈v, v〉+ 〈u, v〉+ 〈u, v〉
= ‖u‖2 + ‖v‖2 + 2 Re〈u, v〉
≤ ‖u‖2 + ‖v‖2 + 2|〈u, v〉|
≤ ‖u‖2 + ‖v‖2 + 2‖u‖ ‖v‖
= (‖u‖+ ‖v‖)2
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Parallelogram Equality

Parallelogram Equality

Suppose u, v ∈ V. Then

‖u + v‖2 + ‖u− v‖2 = 2(‖u‖2 + ‖v‖2).

u + v

u - v

u

u

v v

Proof

‖u + v‖2 + ‖u− v‖2

= 〈u + v, u + v〉+ 〈u− v, u− v〉
= ‖u‖2 + ‖v‖2 + 〈u, v〉+ 〈v, u〉

+ ‖u‖2 + ‖v‖2 − 〈u, v〉 − 〈v, u〉
= 2(‖u‖2 + ‖v‖2)
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