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@ F denotes either R or C.

@ V denotes a finite-dimensional inner product space over F.
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A

(Definition: positive operator

An operator T € L(V) is called positive
if T is self-adjoint and

(Tv,v) >0
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Positive Operators

~

(Definition: positive operator h (Characterization of positive
operators

An operator T € L(V) is called positive
if T is self-adjoint and Let T € £(V). Then the following
are equivalent:

(Tv,v) >0
forallveV (a) T is positive;
- | (b) Tis self-adjoint and al
—— ~N eigenvalues of T are
Definition: square root nonnegative;

(c) T has a positive square root;
(d) T has a self-adjoint square root;
(e) there exists R € £(V) such that

. T=RR )
.

An operator R is called a square root of

an operator T if RZ = T.
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Square Roots

( Each positive operator haﬂ

only one positive square root

LEvery positive operator on V has aJ

unique positive square root.




Square Roots

( Each positive operator haﬂ ( Notation: /T w

only one positive square root

— If T is a positive operator, then /T
Evgry p05|t'|\./e operator on V has a denotes the unique positive square
unique positive square root. root of T.
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z=r(cosf + isinf), with r = |z
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Analogy Between C and L(V)

C L(V)
z T
z T*
ze€R (z=7) T is self-adjoint (T = T*)

Polar decomposition on C:
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Analogy Between C and L(V)

C L(V)
z T
z T*
Polar decomposition on C: zeR(z=73) T is self-adjoint (T = T~)
z=r(cosf +isinf), with r = || 220 T is positive
(z = ww for some w) (T = R*R for some R)
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C L(V)
Z T
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Polar decomposition on C: zeR(z=73) T is self-adjoint (T = T~)
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(z = ww for some w)
2 =1(zz=1)

(T = R*R for some R)

T is an isometry (T*T = 1)




Analogy Between C and L(V)

C L(V)
Z T
z T*
Polar decomposition on C: z€R(z=7) T'is self-adjoint (T = T7)
z=r(cosf + isinf), with r = |z 220 T is positive
(z = ww for some w) (T = R*R for some R)
4
(\ y)' | lzZl=1(zz=1) T is an isometry (T*T =I)
<| ’>\/Z with ‘| |‘ =1 z= (H)\/?z T = S\/T*T for some isometry S
4




Polar Decomposition

( Polar Decomposition w

Suppose T € L(V). Then there exists
an isometry S € £(V) such that

T =SVT*T.
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Polar Decomposition

( Polar Decomposition w

Suppose T € L(V). Then there exists
an isometry S € £(V) such that

T =SVT*T.
Proof If v € V, then
|Tv]]*> = (Tv, Tv)
= (T*Tv,v)

= (VT*TVT*Tv,v)
= (VT*Tv,NT*Tv)
_ VTR

|17v]| = [|VT*Tv].
.



Polar Decomposition

( Polar Decomposition w
Suppose T € £(V). Then there exists Define S;: range vT*T — range T by
an isometry S € £(V) such that S1(VT*Tv) = Tv.
T =S8vT*T. The equation ||v/T*Tv|| = ||Tv|| shows that
Proof If v € V, then [S1ull = [|ull
”TVHZ _ <TV, Tv) forall u € range \/T*T.
= (T*Tv,v)

= (VT*TVT*Tv,v)
= (VT*Tv,VT*Tv)
= IVT*Tv|*.

|17v]| = [|VT*Tv].
.



Polar Decomposition

( Polar Decomposition w
Suppose T € £(V). Then there exists Define S;: range vT*T — range T by
an isometry S € £(V) such that S1(VT*Tv) = Tv.
T =S8vT*T. The equation ||/T*Tv|| = || Tv|| shows that
Proof If v € V, then [S1ull = [|ull
”TV||2 _ <TV, Tv) forall u € range \/T*T.
— (T*Tv, ) Extend S; to an isometry S € L(V).
’ Do this by defining S to be an isometry
= (VT*TVT*Tv,v) from (range /T*T)* to (range T)*, then
= (VT*Tv,VT*Tv) extend by linearity. il
= [|VTTv|.
|Tv]| = [[VT*Tv].
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