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F denotes either R or C.




Real Part, Imaginary Part

( Definition: Rez, Im z ]

Suppose z = a + bi, where a and b are real numbers.
@ The real part of z, denoted Rez, is defined by Rez = a.
@ The imaginary part of z, denoted Im z, is defined by Im z = b.




Real Part, Imaginary Part

( Definition: Rez, Im z ]

Suppose z = a + bi, where a and b are real numbers.
@ The real part of z, denoted Rez, is defined by Rez = a.
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Thus for every complex number z, we have
z=Rez+ (Imz)i.




Real Part, Imaginary Part

( Definition: Rez, Im z ]

Suppose z = a + bi, where a and b are real numbers.
@ The real part of z, denoted Rez, is defined by Rez = a.
@ The imaginary part of z, denoted Im z, is defined by Im z = b.

Thus for every complex number z, we have
z=Rez+ (Imz)i.

Example: Suppose z = 3 + 2i. Then
Rez=3 and Imz=2.



Complex Conjugate, Absolute Value
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(Definition: complex conjugate, z, absolute value, ||

Suppose z € C.
@ The complex conjugate of z € C, denoted z, is defined by

Z =Rez— (Imz)i.
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Suppose z € C.
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Complex Conjugate, Absolute Value

(Definition: complex conjugate, 7, absolute value, || b
Suppose z € C.
@ The complex conjugate of z € C, denoted z, is defined by
Z=Rez— (Imz)i.
@ The absolute value of a complex number z, denoted |z], is
defined by
Izl =1/ (Rez)? + (Imz)2.
L v )

Example: Suppose z = 3 + 2i. Then
@ z=3-2i



Complex Conjugate, Absolute Value

(Definition: complex conjugate, 7, absolute value, || b
Suppose z € C.
@ The complex conjugate of z € C, denoted z, is defined by
Z=Rez— (Imz)i.
@ The absolute value of a complex number z, denoted |z], is
defined by
Izl =1/ (Rez)? + (Imz)2.
L v )

Example: Suppose z = 3 + 2i. Then
@ z=3-2i

@ |z| =32 +22=V13.
.



Properties of Complex Conjugation and Absolute Value

(Properties of complex numbers

Suppose w, z € C. Then
@ z+7=2Regz;
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Suppose w, z € C. Then
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Properties of Complex Conjugation and Absolute Value

(Properties of complex numbers

Suppose w, z € C. Then
@ z+z7=2Rez
@ 7 —7z=2(Imzg)i
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Properties of Complex Conjugation and Absolute Value

(Properties of complex numbers

Suppose w, z € C. Then
@ z+z7=2Rez
@ 7 —7z=2(Imzg)i

@ 7= 7%
@ w+z=w+zand wz = wz;




Properties of Complex Conjugation and Absolute Value

(Properties of complex numbers

Suppose w, z € C. Then
@ z+7=2Rez
@ 7 —7z=2(Imzg)i
@ 7= 7%




Properties of Complex Conjugation and Absolute Value

(Properties of complex numbers

Suppose w, z € C. Then
z+zZ=2Regz;
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Properties of Complex Conjugation and Absolute Value

(Properties of complex numbers

Suppose w, z € C. Then

@ z+7=2Rez

@ 7 —7z=2(Imzg)i

@ 7= 7%

@ wtz=w+zandwz = wz;
7=z

@ |Rez| <[zl and |Imz| < [7]
® |z = [zf;




Properties of Complex Conjugation and Absolute Value

(Properties of complex numbers

Suppose w, z € C. Then
z+zZ=2Regz;

w+z=w-+zand wz = wz;
R=Z

ez] <zl and |[Imz| < |7
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Properties of Complex Conjugation and Absolute Value

(Properties of complex numbers

Suppose w, z € C. Then
2+z= 2Rez;
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|Rez! <zl and |Imz| < [¢] z
® o] = lzf;
© |wz| = |wl|z]; Y
@ Triangle Inequality: "tz
W+ 2| < |wl + [z].

\ J
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Zero Polynomials

\

( Definition: polynomial, P(F)

@ Afunctionp: F — F is called a
polynomial with coefficients in F if
there exist ay, . .., a,, € F such

that
p(Z) =ay+az+ a2Z2 qeoeoF amzm
forallz € F.




Zero Polynomials

\

( Definition: polynomial, P(F)

@ Afunctionp: F — F is called a
polynomial with coefficients in F if
there exist ag, ..., a;; € F such

that
p(2) = ap+ arz+ a2 + - + ap™
forallz € F.

@ P(F) is the set of all polynomials
\ with coefficients in F. )




Zero Polynomials

\

(Definition: polynomial, P(F)

(If a polynomial is the zero func)

@ Afunctionp: F — F is called a : X s
tion, then all its coefficients are 0

polynomial with coefficients in F if

there exist ag, ..., a;; € F such Suppose ap, .. ., a, € F. If
that
2 m a0+alz+"'+amzmzo
p(z) =ap+aiz+az”+ - +anz f g 0
oreveryze bk, thenag=---=a,;, = 0.
forallz € F. \_ Y 0 Y,

@ P(F) is the set of all polynomials
_ with coefficients in F. )




Division Algorithm for Polynomials

~\

(Division Algorithm for Polynomials

Suppose that p,s € P(F), with s # 0. Then there exist unique
polynomials ¢, € P(F) such that

p=sq+r

\and degr < degs.




Zeros of Polynomials

( Definition: zero of a polynomiaq

A number )\ € F is called a zero (or
root) of a polynomial p € P(F) if

p(A) =0.




Zeros of Polynomials

( Definition: zero of a polynomiaq (Each zero of a polynomial cor)

responds to a degree-1 factor

A number X € F is called a zero (or

root) of a polynomial p € P(F) if Suppose p € P(F) and X € F. Then
p(\) =0. p(A) = 0 if and only if there is a

polynomial g € P(F) such that

p(2) = (2= N)q(z)

for every z € F.
% y




Zeros of Polynomials

( Definition: zero of a polynomiam (Each zero of a polynomial cor)
responds to a degree-1 factor

A number X € F is called a zero (or

roof) of a polynomial p € P(F) if Suppose p € P(F) and A € F. Then
p(\) = 0. p(A) = 0 if and only if there is a

polynomial g € P(F) such that

p(2) = (2= N)q(z)

for every z € F.
$ y

( A polynomial has at most as many zeros as its degree w

Suppose p € P(F) is a polynomial with degree m > 0. Then p has
at most m distinct zeros in F.
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Fundamental Theorem of Algebra

( Fundamental Theorem of Algebra

LEvery nonconstant polynomial with complex coefficients has a zeroJ




Fundamental Theorem of Algebra

~N

(Fundamental Theorem of Algebra

\Every nonconstant polynomial with complex coefficients has a zero.j

(Factorization of a polynomial over C h

If p € P(C) is a nonconstant polynomial, then p has a unique
factorization (except for the order of the factors) of the form

p(2) =clz— A1) (2= Am),

kwhere C, A, .., A € C.




Complex Zeros of Polynomials with Real Coefficients

( Polynomials with real coefficients have zeros in pairs w

a zero of p, then so is A.

LSupposep € P(C) is a polynomial with real coefficients. If A € C isJ




Factorization of Polynomials over R

(Factorization of a quadratic polynomial

~\

Suppose b, ¢ € R. Then there is a polynomial factorization of the form

P Abx+c=(x—A)(x— )
Gvith A1, A2 € Riif and only if b? > 4c.




Factorization of Polynomials over R

~\

fFactorization of a quadratic polynomial

Suppose b, ¢ € R. Then there is a polynomial factorization of the form
P Abx+c=(x—A)(x— )
Gvith A1, A2 € Riif and only if b? > 4c.

_J

(Factorization of a polynomial over R A

Suppose p € P(R) is a nonconstant polynomial. Then p has a unique
factorization (except for the order of the factors) of the form

px) =clx— A1) (x = M)+ bix +cr) - (6 + byx + em),
\where AL s Amy b1y buset, . en € R, with b < 4c; for eachj.)
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