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F denotes either R or C.

V and W denote vector spaces over F.




Product of Vector Spaces

(Definition: product of vector spaces E

Suppose Vy,...,V,, are vector spaces over F.




Product of Vector Spaces

(Definition: product of vector spaces E

Suppose Vi, ..., V,, are vector spaces over F.
@ The product V| x --- x V,, is defined by
Vix.---xV,= {(ul,...,um) cup € Vi, .., uy, € Vm}.
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(Definition: product of vector spaces

Suppose Vi, ..., V,, are vector spaces over F.
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Product of Vector Spaces

(Definition: product of vector spaces )
Suppose Vi, ..., V,, are vector spaces over F.
@ The product Vy x --- x V,, is defined by
Vixeoo X Vi ={(ur,...;um):u1 € Vi, ity € Vig}.
@ Additionon V; x --- x V,, is defined by
(ul,...,um) + (W],...,Wm) = (bt] +w1,...,um+wm).
@ Scalar multiplication on V; x --- x V,, is defined by
Augyooytty) = (Aug, ooy Adgy).
N ( ( J
(| - )
Product of vector spaces is a vector space
Suppose Vi, ..., V,, are vector spaces over F. Then V; x --- x V,
Qs a vector space over F. )




Example of Product of Vector Spaces

R* x R = {((x1,x2), (x3,%4,%5)) : x1,%2,%3,%4,%5 € R}




Example of Product of Vector Spaces

R> xR’ = {((xl,xz), (x3,x4,x5)) D X1,X0,X3,X4,X5 € R}

R’ = {(x1,x2,x3,X4,X5) : X1,X2,Xx3,X4,X5 € R}




Example of Product of Vector Spaces

R> xR’ = {((xl,xz), (x3,x4,x5)) D X1,X0,X3,X4,X5 € R}
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Example of Product of Vector Spaces

R> xR’ = {((xl,xz), (x3,x4,x5)) D X1,X0,X3,X4,X5 € R}

R® = {(x1,X2,%3, X4, X5) : X1,X2,%3, X4, X5 € R}

Is RZ x R® = R? No!




Example of Product of Vector Spaces

R2 X R3 = {((xbe); (x37x47-x5)) D X1,X2,X3,X4,X5 € R}
R = {(x1,%2, %3, X4, X5) : X1, %2, %3, X4, %5 € R}
IsR? x R =R>? No!

The linear map 7: R? x R® — R® defined by

T((x1,%2), (x3,X4,%5)) = (x1,X2,X3,X4,5)
is clearly an isomorphism of R? x R3 onto R’. Thus these two vector
spaces are isomorphic.




Dimension of a Product

( Dimension of a product is the sum of dimensions

|/

Suppose Vi, ...,V, are finite-dimensional vector spaces. Then
Vi x --- x V,, is finite-dimensional and

dim(Vy X «+- X V) =dim V) + - - - 4+ dim V,,,.




Products and Direct Sums

~\

(Products and direct sums

Suppose that Uy, ..., U, are subspaces of V. Define a linear map
Fr:vyx---xUy,—=>U+---+U,by

D(upy ... um) =uy + -+ tp.

kThen Ui +---+ Uy, is adirect sum if and only if " is injective.




Products and Direct Sums
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(Products and direct sums

Suppose that Uy, ..., U, are subspaces of V. Define a linear map
Fr:vyx---xUy,—=>U+---+U,by

D(upy ... um) =uy + -+ tp.

\Then Ui +---+ Uy, is adirect sum if and only if " is injective.

(A sum is a direct sum if and only if dimensions add up

Suppose V is finite-dimensional and Uy, . .., U,, are subspaces of V.
Then U, + - - - + U, is a direct sum if and only if

dim(U; + -+« + Uy) = dim Uy + - - - + dim U,,.

\
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