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The Sum of a Vector and a Subspace
( Definition: v + U )

Suppose v € V and U is a subspace of V. Then v + U is the subset
of V defined by

v+U={v+u:uecU}.




The Sum of a Vector and a Subspace

(Definition: v+ U \

Suppose v € V and U is a subspace of V. Then v + U is the subset
of V defined by

v+U={v+u:uecU}.

Example: Suppose (10,20) (17, 20)

U={(x,2x) e R*: x € R}.

Then U is the line in R? through the
origin with slope 2.

U (17,200 + U




The Sum of a Vector and a Subspace

(Definition: v+ U \

Suppose v € V and U is a subspace of V. Then v + U is the subset
of V defined by

v+U={v+u:uecU}.

Example: Suppose (10,20) (17, 20)

U= {(x,2x) € R* : x € R}.

Then U is the line in R? through the
origin with slope 2. Thus

(17,20) + U
is the line in R? that contains the point

U (17,200 + U

(17,20) and has slope 2. 710 7




Affine Subsets

~

(Definition: affine subset, parallel

@ An affine subset of V is a subset of V of the form v + U for
some v € V and some subspace U of V.




Affine Subsets

~

(Definition: affine subset, parallel

@ An affine subset of V is a subset of V of the form v 4 U for
some v € V and some subspace U of V.

@ Forv € V and U a subspace of V, the affine subset v + U is

said to be parallel to U.
- ' P y




Affine Subsets

(Definition: affine subset, parallel h
@ An affine subset of V is a subset of V of the form v + U for
some v € V and some subspace U of V.
@ Forv € V and U a subspace of V, the affine subset v + U is
\ said to be paralle/ to U. y




Affine Subsets

(Definition: affine subset, parallel h
@ An affine subset of V is a subset of V of the form v + U for
some v € V and some subspace U of V.
@ Forv € V and U a subspace of V, the affine subset v + U is
\ said to be paralle/ to U. y

If U={(x,2x) e R?: x € R}, then alithe 20, (10200 (17.20)

lines in R? with slope 2 are parallel to U.

U (17,200 + U




Affine Subsets

(Definition: affine subset, parallel h
@ An affine subset of V is a subset of V of the form v + U for
some v € V and some subspace U of V.
@ Forv € V and U a subspace of V, the affine subset v + U is
\ said to be paralle/ to U. y

If U = {(x,2x) € R?: x € R}, then all the
lines in R? with slope 2 are parallel to U.

If U = {(x,y,0) € R®: x;y € R}, then
the affine subsets of R parallel to U are
the planes in R? that are parallel to the
xy-plane U in the usual sense.



Quotient Spaces

( Definition: quotient space, V /U w

Suppose U is a subspace of V. Then the quotient space V/U is the
set of all affine subsets of V parallel to U. In other words,

V/U={v+U:veV}




Quotient Spaces

( Definition: quotient space, V /U w

Suppose U is a subspace of V. Then the quotient space V/U is the
set of all affine subsets of V parallel to U. In other words,

V/U={v+U:veV}

Examples:

@ If U= {(x,2x) € R? : x € R}, then R?/U is the set of all lines in R?
that have slope 2.




Quotient Spaces

( Definition: quotient space, V /U w

Suppose U is a subspace of V. Then the quotient space V/U is the
set of all affine subsets of V parallel to U. In other words,

V/U={v+U:veV}

Examples:
@ If U= {(x,2x) € R? : x € R}, then R?/U is the set of all lines in R?
that have slope 2.
@ If Uis aline in R? containing the origin, then R3/U is the set of all
lines in R? parallel to U.




Quotient Spaces

( Definition: quotient space, V /U w

Suppose U is a subspace of V. Then the quotient space V/U is the
set of all affine subsets of V parallel to U. In other words,

V/U={v+U:veV}

Examples:
@ If U= {(x,2x) € R? : x € R}, then R?/U is the set of all lines in R?
that have slope 2.
e If Uis aline in R? containing the origin, then R3/U is the set of all
lines in R3 parallel to U.
@ If U is a plane in R? containing the origin, then R3/U is the set of
all planes in R? parallel to U.



Parallel Affine Subsets Are Either Equal or Disjoint

(Two affine subsets parallel to U are equal or disjoint h

Suppose U is a subspace of V and v,w € V. Then the following are
equivalent:

@ v—weU;

b) v+ U=w+U,

\(C) v+U)N(w+U) # 2.




Making a Quotient Space a Vector Space

(Definition: addition and scalar multiplication on V /U A

Suppose U is a subspace of V. Then addition and scalar multiplication
are defined on V/U by

v+UO)+(w+U)=Fwv+w)+U
Av+U)=(\)+U

\forv,weVand)\eF.




Making a Quotient Space a Vector Space

(Definition: addition and scalar multiplication on V /U A

Suppose U is a subspace of V. Then addition and scalar multiplication
are defined on V /U by

w+U)+w+U)=(v+w)+U
Av+U)=(\)+U

\forv,weVand)\eF.

(Quotient space is a vector space

Suppose U is a subspace of V. Then V/U, with the operations of

kaddition and scalar multiplication as defined above, is a vector space.)




\

(Definition: quotient map,

Suppose U is a subspace of V. The quotient map = is the linear
map 7: V — V/U defined by

m(v) =v+U

kforveV. y
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(Definition: quotient map,

Suppose U is a subspace of V. The quotient map = is the linear
map 7: V — V/U defined by

m(v)=v+U
Qor veV )
(Dimension of a quotient space h
Suppose V is finite-dimensional and U is a subspace of V. Then
L dimV/U = dimV — dim U. y




\

(Definition: quotient map,

Suppose U is a subspace of V. The quotient map = is the linear
map 7: V — V/U defined by

m(v)=v+U

Qor vevV. )
(- , . )

Dimension of a quotient space

Suppose V is finite-dimensional and U is a subspace of V. Then

dimV/U = dimV — dim U.

\_ / J
Proof dim V = dim null 7 4+ dim range 7

=dim U + dim V/U



The Induced Map on V/(null T)

(Definition: T

T(v+nullT) = Tv.

— |

LSuppose T € L(V,W). Define T: V/(null T) — W by




The Induced Map on V/(null T)

(Definition: T A
Suppose T € L(V,W). Define T: V/(null T) — W by
9 T(v+nullT) = Tv. D
- )
(Null space and range of T
Suppose T € L(V,W). Then
(a) T is a linear map from V/(null 7) to W;
(b) T is injective;
(c) rangeT = rangeT;
dd) V/(null T) is isomorphic to range T. y
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