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Suppose V is a complex vector space
and T € L(V). Then the sum of the
multiplicities of all the eigenvalues of T

6quals dim V. )




Review of Multiplicity

((~ e . e )
Definition: Multiplicity (Definition:  Repeated accord to )
multiplicit
Suppose T € L(V) and X is an eigen- prcity
value of T. Then Suppose T € L(V). The phrase ‘with
multiplicity of X\ = dim G(\, T) each eigenvalue repeated according to
L dim V its multiplicity means that if A,..., A\,
\_ = a7 = ) Yy, are the distinct eigenvalues of T with
~ multiplicities dy, . . ., d,, then we create
(Sum of multiplicities a list with \; listed 4, times, ..., \,
listed d,, times. If F = C, then this list
Suppose V is a complex vector space has length dim V.
and T € L(V). Then the sum of the - J
multiplicities of all the eigenvalues of T
unals dim V. )
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(Definition: trace of an operator

Suppose T € L(V).

@ If F = C, then the trace of T is the
sum of the eigenvalues of T, with
each eigenvalue repeated
according to its multiplicity.

@ If F = R, then the frace of T is the
sum of the eigenvalues of T¢, with
each eigenvalue repeated
according to its multiplicity.

\The trace of T is denoted by trace T.
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and 2 — 3i, each with multiplicity 1, as you
can verify.



Trace of an Operator

(Definition: trace of an operator

Suppose T € L(V).

@ If F = C, then the trace of T is the
sum of the eigenvalues of T, with
each eigenvalue repeated
according to its multiplicity.

@ If F = R, then the frace of T is the
sum of the eigenvalues of T¢, with
each eigenvalue repeated
according to its multiplicity.

\The trace of T is denoted by trace T.

Example: Suppose T € £(C?) is the
operator whose matrix is

3 -1 -2
32 =3 ].
1 2 0

Then the eigenvalues of T are 1, 2 + 3i,
and 2 — 3i, each with multiplicity 1, as you
can verify. Thus
traceT = 1+ (2 +3i) + (2 — 3i)
=5.
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(Trace and characteristic
polynomial

Suppose T € L(V). Letn = dimV.
Then trace T equals the negative of the
coefficient of z#~! in the characteristic
olynomial of 7.
\PoY y,
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Suppose T € L(V). Letn = dimV. vector space) wi_th eac_h eiger_lvglge
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(Trace and characteristic B

polynomial

Suppose T € L(V). Let n = dim V.
Then trace T equals the negative of the
coefficient of z#~! in the characteristic

kponnomiaI of T. )

Proof Suppose Ap,..., A, are the
eigenvalues of T (or of T¢ if V is a real
vector space) with each eigenvalue
repeated according to its multiplicity. Then
the characteristic polynomial of T equals

(z= A1) (2= ).




Trace and Characteristic Polynomial

(Trace and characteristic
polynomial

~

I ial of T.
_Polynomial o

Suppose T € L(V). Let n = dim V.
Then trace T equals the negative of the
coefficient of z#~! in the characteristic

J

Proof Suppose Ap,..., A, are the
eigenvalues of T (or of T¢ if V is a real
vector space) with each eigenvalue
repeated according to its multiplicity. Then
the characteristic polynomial of T equals

(z= A1) (2= ).

Expand the polynomial above to write the
characteristic polynomial of T in the form

Zn*()\lJF' : ‘+)\n)Z”_l+' : +(*1)n()\1 o )\n>

The expression above gives the desired
result. i



Trace of a Matrix

Suppose T € L(V), F = C, and we
choose a basis of V corresponding to
the Decomposition Theorem. Then
trace T equals the sum of the diagonal
entries of that matrix.
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Trace of a Matrix

Suppose T € L(V), F = C, and we Example: Suppose
choose a basis of V corresponding to 3 -1 -2
the Decomposition Theorem. Then A= ( 3 2 -3 )
trace T equals the sum of the diagonal 1 2 0
entries of that matrix.

Then
( Definition: trace of a matrix w traceA = z +2+0

The trace of a square matrix A, denoted
trace A, is defined to be the sum of the
diagonal entries of A.




Trace of a Matrix

Suppose T € L(V), F = C, and we Example: Suppose
choose a basis of V corresponding to 3 -1 -2
the Decomposition Theorem. Then A= ( 3 2 _3 ) )
trace T equals the sum of the diagonal 1 2 0
entries of that matrix.

Then
( Definition: trace of a matrix w traced = i 240

The trace of a square matrix A, denoted

tltaceA, is def.med to be the sum of the (Trace of AB equals trace of BA ]
diagonal entries of A.

If A and B are square matrices of the
same size, then

trace(AB) = trace(BA).




Trace Does Not Depend on Basis

(Trace of matrix of operator does not b
depend on basis

Let T € L(V). Suppose uy,...,u, and vy, ..., v, are
bases of V. Then

CraceM(T, (ug,... 7un)) = traceM(T, (viy. .. ,vn)).
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(Trace of matrix of operator does not b
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bases of V. Then
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Trace of an Operator Equals Trace of Its Matrix

Trace of an operator equals trace |  as we have already discussed, if V is a
of its matrix complex vector space, then choosing

the basis given by the Decomposition
Suppose T € L(V). Then
PP V) Theorem gives the desired result.

trace T = trace M(T).
() If V is a real vector space, then

Proof  To show that applying the complex case to the
complexification T¢ (which is used to
define trace T) gives the desired result.

trace T = trace M(T)

for every basis of V, we need only [ |
show that the equation above holds for
some basis of V.
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( Trace is additive W

Suppose S,T € L(V). Then
trace(S + T) = trace S + traceT.




Trace in Additive

( Trace is additive w Proof Choose a basis of V. Then
trace(S + T) = trace M(S+ T)

Suppose S,T € L(V). Then
trace(S + T) = trace S + traceT.




Trace in Additive

( Trace is additive w Proof Choose a basis of V. Then
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Trace in Additive

( Trace is additive w Proof Choose a basis of V. Then
trace(S + T) = trace M(S+T)
= trace(M(S) + M(T))
= trace M(S) + trace M(T)
= trace S + trace T,

Suppose S,T € L(V). Then
trace(S + T) = trace S + traceT.

completing the proof. Bl
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el,...,epand T € L(V). Prove that
trace(T*T) = ||Tey ||* + - - - + || Ten||*.
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Exercises

° S;Jppose P € L(V) satisfies @ Suppose V is a complex inner
P = P. Prove that product space and T € £(V). Let
trace P = dim range P. AL, -, Ay be the eigenvalues of T,
e Suppose V is an inner product repeated according to multiplicity.
Suppose

space with orthonormal basis
er,...,epand T € L(V). Prove that Ain ... Ay
trace(T*T) = ||Tey||> + - - - + || Te,||*. : :

An,l cee An,n

Conclude that the right side of the
equation above is independent of is the matrix of T with respect to
the orthonormal basis ey, .. ., e. some orthonormal basis of V.
@ Suppose V is an inner product Prove that
space. Prove that G
P AP < S Al
(S,T) = trace(ST™) k=1 j=1

defines an inner product on L(V).
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