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Motivation for Vector Space Definition

Reminder: F denotes either R or C.

The motivation for the definition of a vector space comes from
properties of addition and scalar multiplication in Fn:

Addition is commutative, associative, and has an identity.
Every element has an additive inverse.
Scalar multiplication is associative.
Scalar multiplication by 1 acts as expected.
Addition and scalar multiplication are connected by distributive
properties.
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Addition and Scalar Multiplication

Definition: addition, scalar multiplication

An addition on a set V is a function that assigns an
element u + w ∈ V to each pair of elements u,w ∈ V.
A scalar multiplication on a set V is a function that assigns an
element λu ∈ V to each λ ∈ F and each u ∈ V.

Example: Suppose V is the set of real-valued functions on the interval
[0, 1]. For f , g ∈ V and λ ∈ R, define f + g and λf by

(f + g)(x) = f (x) + g(x)

and
(λf )(x) = λf (x).

Thus f + g ∈ V and λf ∈ V.
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Definition of Vector Space

Definition: vector space

A vector space is a set V along with an addition on V and a
scalar multiplication on V such that the following properties
hold:

commutativity • u + w = w + u for all u,w ∈ V;

associativity • (u + v) + w = u + (v + w) and (ab)u = a(bu) for all
u, v,w ∈ V and all a, b ∈ F;

additive identity • there exists 0 ∈ V such that u + 0 = u for all u ∈ V;

additive inverse • for every u ∈ V, there exists w ∈ V such that u + w = 0;

multiplicative identity • 1u = u for all u ∈ V;

distributive properties • a(u + w) = au + aw and (a + b)u = au + bu for all a, b ∈ F
and all u,w ∈ V.



Definition of Vector Space

Definition: vector space

A vector space is a set V along with an addition on V and a
scalar multiplication on V such that the following properties
hold:

commutativity • u + w = w + u for all u,w ∈ V;

associativity • (u + v) + w = u + (v + w) and (ab)u = a(bu) for all
u, v,w ∈ V and all a, b ∈ F;

additive identity • there exists 0 ∈ V such that u + 0 = u for all u ∈ V;

additive inverse • for every u ∈ V, there exists w ∈ V such that u + w = 0;

multiplicative identity • 1u = u for all u ∈ V;

distributive properties • a(u + w) = au + aw and (a + b)u = au + bu for all a, b ∈ F
and all u,w ∈ V.



Definition of Vector Space

Definition: vector space

A vector space is a set V along with an addition on V and a
scalar multiplication on V such that the following properties
hold:

commutativity • u + w = w + u for all u,w ∈ V;

associativity • (u + v) + w = u + (v + w) and (ab)u = a(bu) for all
u, v,w ∈ V and all a, b ∈ F;

additive identity • there exists 0 ∈ V such that u + 0 = u for all u ∈ V;

additive inverse • for every u ∈ V, there exists w ∈ V such that u + w = 0;

multiplicative identity • 1u = u for all u ∈ V;

distributive properties • a(u + w) = au + aw and (a + b)u = au + bu for all a, b ∈ F
and all u,w ∈ V.



Definition of Vector Space

Definition: vector space

A vector space is a set V along with an addition on V and a
scalar multiplication on V such that the following properties
hold:

commutativity • u + w = w + u for all u,w ∈ V;

associativity • (u + v) + w = u + (v + w) and (ab)u = a(bu) for all
u, v,w ∈ V and all a, b ∈ F;

additive identity • there exists 0 ∈ V such that u + 0 = u for all u ∈ V;

additive inverse • for every u ∈ V, there exists w ∈ V such that u + w = 0;

multiplicative identity • 1u = u for all u ∈ V;

distributive properties • a(u + w) = au + aw and (a + b)u = au + bu for all a, b ∈ F
and all u,w ∈ V.



Definition of Vector Space

Definition: vector space

A vector space is a set V along with an addition on V and a
scalar multiplication on V such that the following properties
hold:

commutativity • u + w = w + u for all u,w ∈ V;

associativity • (u + v) + w = u + (v + w) and (ab)u = a(bu) for all
u, v,w ∈ V and all a, b ∈ F;

additive identity • there exists 0 ∈ V such that u + 0 = u for all u ∈ V;

additive inverse • for every u ∈ V, there exists w ∈ V such that u + w = 0;

multiplicative identity • 1u = u for all u ∈ V;

distributive properties • a(u + w) = au + aw and (a + b)u = au + bu for all a, b ∈ F
and all u,w ∈ V.



Definition of Vector Space

Definition: vector space

A vector space is a set V along with an addition on V and a
scalar multiplication on V such that the following properties
hold:

commutativity • u + w = w + u for all u,w ∈ V;

associativity • (u + v) + w = u + (v + w) and (ab)u = a(bu) for all
u, v,w ∈ V and all a, b ∈ F;

additive identity • there exists 0 ∈ V such that u + 0 = u for all u ∈ V;

additive inverse • for every u ∈ V, there exists w ∈ V such that u + w = 0;

multiplicative identity • 1u = u for all u ∈ V;

distributive properties • a(u + w) = au + aw and (a + b)u = au + bu for all a, b ∈ F
and all u,w ∈ V.



Definition of Vector Space

Definition: vector space

A vector space is a set V along with an addition on V and a
scalar multiplication on V such that the following properties
hold:

commutativity • u + w = w + u for all u,w ∈ V;

associativity • (u + v) + w = u + (v + w) and (ab)u = a(bu) for all
u, v,w ∈ V and all a, b ∈ F;

additive identity • there exists 0 ∈ V such that u + 0 = u for all u ∈ V;

additive inverse • for every u ∈ V, there exists w ∈ V such that u + w = 0;

multiplicative identity • 1u = u for all u ∈ V;

distributive properties • a(u + w) = au + aw and (a + b)u = au + bu for all a, b ∈ F
and all u,w ∈ V.



Definition of Vector Space

Definition: vector space

A vector space is a set V along with an addition on V and a
scalar multiplication on V such that the following properties
hold:

commutativity • u + w = w + u for all u,w ∈ V;

associativity • (u + v) + w = u + (v + w) and (ab)u = a(bu) for all
u, v,w ∈ V and all a, b ∈ F;

additive identity • there exists 0 ∈ V such that u + 0 = u for all u ∈ V;

additive inverse • for every u ∈ V, there exists w ∈ V such that u + w = 0;

multiplicative identity • 1u = u for all u ∈ V;

distributive properties • a(u + w) = au + aw and (a + b)u = au + bu for all a, b ∈ F
and all u,w ∈ V.



Definition of Vector Space

Definition: vector space

A vector space is a set V along with an addition on V and a
scalar multiplication on V such that the following properties
hold:

commutativity • u + w = w + u for all u,w ∈ V;

associativity • (u + v) + w = u + (v + w) and (ab)u = a(bu) for all
u, v,w ∈ V and all a, b ∈ F;

additive identity • there exists 0 ∈ V such that u + 0 = u for all u ∈ V;

additive inverse • for every u ∈ V, there exists w ∈ V such that u + w = 0;

multiplicative identity • 1u = u for all u ∈ V;

distributive properties • a(u + w) = au + aw and (a + b)u = au + bu for all a, b ∈ F
and all u,w ∈ V.



Examples

Fn with the usual operations of addition and scalar multiplication is
a vector space.

F∞ is defined to be the set of all sequences of elements of F:

F∞ = {(x1, x2, . . . ) : xj ∈ F for j = 1, 2, . . . }.
Addition and scalar multiplication on F∞ are defined as expected:

(x1, x2, . . . ) + (y1, y2, . . . ) = (x1 + y1, x2 + y2, . . . ),

λ(x1, x2, . . . ) = (λx1, λx2, . . . ).

With these definitions, F∞ becomes a vector space.
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Another example

If S is a set, then FS denotes the set of functions from S to F.

For f , g ∈ FS, the sum f + g ∈ FS is the function defined by

(f + g)(x) = f (x) + g(x)

for all x ∈ S.

For λ ∈ F and f ∈ FS, the product λf ∈ FS is the function defined by

(λf )(x) = λf (x)

for all x ∈ S.

With these definitions of addition and scalar multiplication, FS becomes
a vector space.
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Our First Theorem

The number 0 times a vector

If V is a vector space, then 0u = 0 for every u ∈ V.

Proof For u ∈ V, we have

0u = (0 + 0)u

= 0u + 0u.

Adding the additive inverse of 0u, denoted −0u, to both sides of the
equation above gives

0u + (−0u) = 0u + 0u + (−0u),

which can be rewritten as
0 = 0u,

as desired.
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Why Abstraction?

Advantages of the abstract approach:

Can apply in multiple new situations.
Stripping away inessential properties
leads to greater understanding.

If V is a vector space, it would be
incorrect to prove that 0u = 0 for u ∈ V
by writing: Let u = (x1, . . . , xn), thus

0u = (0x1, . . . , 0xn)

= (0, . . . , 0)

= 0.

An element of V is not necessarily of
the form (x1, . . . , xn).
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